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» Chapter 6 , 

RATIONAL NUMBERS AND FRACTIONS 

6-1. An Invitation to Pretend , ^ 

In very early times, the only niimbers used were the counting 
niimbers. As the need arose,, rules were developed for working 
With the counting numbers. Much later, the general principles, 
upon which the operations with fractions are based, were dis- 
covered. ' _ — • 

As you study^the material In this chapter. It Kill help If 
you will pretend that It Is all new to you. Pretend that' you 
have never heard of any niimbers except the whole numbers. Try to 
think as If ypu were one of the first to reall-ze that the whole 
numbers are not enough. 

,When new numbers are Introduced, •» symbols must be Invented 
for them.' Questions about how to define multiplication and 
addition of the new numbers must be answered^. These are the 
ideas which you will study in this chapter. 

Consider the following examples: 

' Example 1: Eggs cost 60 cents a dozen. How much 
does one egg cost? 

You know-that you can find the cost of one egg by dividing 
the piimber of cents by the numb'er of eggs. The work looks like 
this. • ' . . 

60 + 12 = 5 

Example 2: Eggs cost 55 cents a dozen. How much 
does one egg cost? 
Here again, you divide the number of cents by the number of 
eggs. ^ y ^ - 

53 -J- 12 = ? ^ 
In the second example, you see that 53 cannot be. exactly 
divided by 12. 

If you had never heard of fractions you woiald say, "You 
can^t divide 55 by 12." This would be correct. You would 
mean that, in the set of counting numbers, there is no number 
which is equal to 55^+ 12. You know that the set of counting 
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nijmbers is not closed under division. Thj<s means that when you 
divide one counting number by another you do not always get an 
answer which is a counting; number. Thus, in order to solve 
problems like Example 2* it is necessary to use a new kind oV 
number, - 

Exercises 6-1 

1. Just as you have done for multiplication and addition, now 
make a division table. In each box place the result of 
dividing the number on the left by the number on the top If 
this quotient -is a whole number. If the quotient is not a 
' whole number write "no." Some of the blanks have been filled 
to help you understand what is meant. 



+ 


1 


2 


.3 


4/ 


5 


6 


7 


8 


1 ■ 


1 


no 


no 












2 


.2 


1 


no. 












3 


:3 


no^ 














4 


















5 


















6" 




3 














7 


















8 










no 









2; Jim spent 90>^ for cTTocolate bars. They cost each. 
How many did he buy? He shared them equally with his 
friends. Jack and Harry. How many bars did each boy receive? 
• Could- he have shared the bars equally if Mark h^d been 
present also? 

5. a. The gym teacher divided sixteen boys into two equal teams 
to play a game. How many boys were on each team? How 
did you solve this problem? 
b. The gym tevicher divided seventeen boys into two equal 
teams to p^ay a game. How many boys were on each team? 
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6-2. The Invention of the Rational Numbers . 

In the last section, you saw that the' set of counting num- . 
bers is not closed under division; that is, the, quotient of two 
-counting numbers is not always a counting number. -Let us/con- 
sider the following problem. - ^ . 

Example : Mrs. Green has a ribbon lOO' inches long. 
She, wants to divide It equally among her 5 , daughters. How 
- long a piece of ribbon should each daughter get? ^ 

You may obtain the answer as follows: 

100 + 5 = ? 

Think how hard thls_problem must have seemed in t^e days 
when fractions had not been invented. Mrs. Green tried to solve 
the ijroblem by foJ.ding the ribbon into 5 pieces of- equal length 
like. this. ^ ' 



c 



Then she cut the ribbon at the folds to have 5 pieces of eqxial 
length. 



Each piece had a definite length, but this length croxild 
not be given by any counting number. She' would have liked to 
have a number to describe this length. What could she have done? 
She could have overcome this difficulty by inventing- a new num- 
ber. , 

How could this number have been named? It seemed reasonable 
that the new nsime should use the numbers TLOO and 3 in some 
way. She decided to give th^s number the name " -i— In her 
mind, she thought, " -ij^ is the number obtained when 100 is 
divided by 5." 

You are familiar with symbols like and you know that 

means the quotient when, 100 is divided by 3. Another 
possible .symbol might be (100, 5). You may have read that -ij^ 



187 

s 



is an "indicated" quotient. It actually is a quotient. So are 
the numbers 12 | 16, 19+2, j . 

The numbers which we get when we divide a whole number by a 
counting number have a name. They are called rational numbers. 
■ TRae word "rational" is derived from the word "ratio" which is 
another word for quotient. Note that we must speak of dividing 
by a counting number rather than by a whole number since we can- 
not divide by zero. Some examples of rational numbers are J . 
17 0 15 ^ 
1) ' H > T • 

Exercises 6-2 

1. Explain the meaning of J, |9 ^ 

7 

For example: ^ means 7 divided by 9. 

26 ^ 

2. names a rational niimber. This rational ■ number is also 

a number. Some rational numbers are 

numbers. 

5. Express the quotient of 13 divided by 9 in three ways. 

4. Three-men who took a trip of 750 miles shared the driving 
equally. How far did each man drive? 

5. Three men who took a trip of 700 mkles shared the driving 
equally. How far did ea^h man drive? 

6. A bus carrying 50 passengers made la trip of 500 miles, 
How far did each passenger travel? 



Perform the following division and check your work by mul- 
tiplication. ' 
Arrange your work like this: 
65 

42 ^7^5 Check: 65 . 

252 42 - 

"?ro 13^ 

210 260 

2730 + 42 = 65 42 • 65 = 2730 

a. 2752 + 43 d. 3293 +.37 g. 1729 + 19 

b. 2915 + 53 e. 2093 + 23 h. 13431 + 121 

c. 2916 + 54 / f. 2541 + 33 i. aooi + 13 
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8, During a recent year, 8135 ocean-going vessels passed 
, - "throxigh the Panama Canal. 

a. About how many vessels passed through each week, on the 
average? 

b. One of the vessels had been at sea for 5400 hours. 
How many* days (24 hours) was 'this? 



6-3.. Fractions and Rational ■ Numbers . 

In the last section we saw how the need for rational i^um- 
bers arose. These numbers give us an ansWer to any division 
problem where we divide a whole number by a counting number. 
For example, l4 + 7 = ^ . But we know that 14; +7 = 2. 
Perhaps, you will say that we can get two different answers to 
the problem of" dividing 14 by 7. This is wrong. The fact is 
that -y- and 2 are the same numbers. You may say that "4^" 
and "2" look different. How can they be the same? The things 
that look different are the symbols jwe write-down. ' These symbols 
are the names for the. numbers. The Isymbols are not the numbers. 
This point was stressed in Chapter 21 



Symbols for numbers are 



called numerals, 



■6", "VI", "llfive", "7 - 1" 



are. different names for the number 6j The. numerals 

are also names for the number 6. It is important to know when 
we are talki^ng about a number and when we are talking about a ' 
name ^ for a rfumber . 

In this chapter you will frequent^ly find the words "fraction" 
and "rational number". Let us consider the difference in meaning 
between "fraction" and "rational number". 

The numerals "^", "|", are called fractions. 

\ 

The numeral "^" where a is a whole number and b is a 
counting number is called a fraction. Fractions are symbols for 
numbers . When we write i4 2 

T = T 
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we are not saying that the fractions "-y^" and "y" are the 
same symbols. We are saying that the numbers which these frac- 
tions steuid for are the same. We are'fiissy about this in order 
to avoid mlsunderstemdlng. later, ' , ^ 

, Every rational number has a name which is a-fp^ction. Some 
rational numbers have other names which are not fractions. The 
number 2 is a r^^tional number. Its numeral "2" is not a 
fraction because it is not of the form ^ • Other names for 2 
are "-n^", "j", "j" • All of these names are fractions. It 
la correct to say that rational numbers are numbers which have 
fractions as names . The nxunber 2 has a fraction as a name as 
we have J\ist seen. Therefore,' 2 is rational. So are all tRe 
other whole numbers. 

As you study more mathematics, you will learn how the num- 
ber system is e:j:tended to include numbers v;hich do not have 
fractions as; naihes. Some of these numbers will be needed when 
you study ci4^cles and right triangles. ' . 

» o - Exercises 6'-3a 

1. a. Is ^ a fraction? 

b. What bther name which is not a fraction does the nvimber 
§ have? • ) 

c. Is zero a rational number? 

2. a. Is ^[5" a fraction? 

b. Does . 4 name a rational number? 

5. Does the statement, "Every rational number can be expressed 
as a Traction" mean that rational numbers have no ^.other names? 

4. Tell which of the following represent rational numbers: 

d. 8 + 7 . , 

e. 2.15 

5. Which of 'the numerals in Problem '^ are fractions? 



a. 
b. 

.c. 



!i 
F 

"l^^(6J" 

5 
1 
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a. Select from the following set ^ot numerals those^ which 
are fractions: a, 16 * 2, ^fsF, 8.00 . ' 

b. Select from the given set the. numerals .which name 
rati'onal nujjibersu 

Express the answers to thd following questions by using 
fractions and also without using fractions,* \ 

a. , Three men who took a trip of 750 miles divided zhe 

driving equally. How far did each man drive? 

b. A woman divided 90 inches of ribbon equally among 5 

• . daughters. . How, much did each daughter get? ^ . 

c. A dozen eggs, cost 60 ' cents. How much did each egg cost 

Express the anjswers to the following, using fractions. Can . 
you express the answers without using fractions? " 

a. Three men who took a trip of 700 miles divided the 
driving eqtidlly. ' How^far did each man driVe? 

b. A woman divided 100 inches of. ribbon equally among 5 
' ' da\jgnter-s. How much did each daughter get? 

c. A dozen eggs' "cost 45 cents. How much did each egg cost 

Consider the following set of symbols; 

r-.^' ^ 2 pi d 111 10 7. ^ 5 0. 
D7. 1, 0, J, —> IT' T^^lSJ' 

a. V/hich of the above are numerals for counting niiinbers? 

b. Which of the above are niameyals for whole numbers? 

c. Which of the above are numerals for rational numbers? 

d. Which of the above are fractions? 

e. Which of the above are meaningless symbols? 

f . Which of the aboA/'e are different names for the same 
number? 

Exercises 6^3b \ ■ jt 

(CDass Discussion) . / 

a. ' What number must yor multiply 3 by to get 90 ?\ 

b. What number must you multiply 12 by to' get 60 ? x 

c. What number must you multiply 3 by to get 750 ? 

d. What number must you multiply 18 by to get 54 ? 

e. What niimber must you multiply 11 by to get 5280 ? 

f . Wl.at operation did you use to find the answers? 
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2. Can you find a number to put in the blank so that the state- 
ment will be ta?ue? • - . 

. a. 35 • ? = 90 / . d. ^18 • ? = 5^ 

90 + 3 = .? V 54 + 18 ? 

b. 12 . ? = 60 ' -^-v,..^ 11 » ? =/5280 

■ 60,+ 12 = ? 528a + 11 = ? . 

c. 3 '7 •' 750 f. 19.* ? = 1729 
750 +'"5 = ? 1729 I 19 
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3. .In each of the Tollowing problems the symbol 'n stands for 
a number. In each case tell what-..number n must stand for. 



a. 


3 • n 


= 15 


e. 


19 • 


n = 


1729 


b. 


. n 


x=. 20 


f. 


13 • 


n = 


1001 


c . 


.7 • n 


= 56 


g. 


. 17 • 


n = 


17 


d. 


18 • n 


= 54- 


• h. 


14 . 


n = 


0 



4. In Problem 3, what operation did you use to find each answer? 



6-4. .. The Meaning of Divislh 

In Chapter 5 you learned that division by a number is the 
Inverse of - multiplication by the same number: 

^- + 5 y^ivide'l2 by ± and. get 3^ 

2. 4v3 = 12 Multiply 3 by 4 and get 12. 

'The two statements say the saihfe t^hing-in different ways; so do 

• •J 

the. following^, ways of expressing the idea: 

3. 12 +• 4 = ?' ' What Is tihe ^result of dividing 12 fc^ 4 
- 4. 4 • ? = 12 What number multiplied by 4 gives 12 ? 

We have two kinds of, problems using products. 

One kind is like this: r 4.5=-?-i 

^ \ Multiplication 

We choose to write it like this: 4 • 5 = n/ 

Both statements ask: What is the product? 

This is called a multiplication problem. 
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. The Other kind Is like this: i| • ? = 20 i 

, - " • , y Division 

We choose to write it like this: 4 y = 20-^ 

Both statements ask: What is the number you multiply by if 
' ^ to get^ 20 ? 

This is called a division problem,- 

To get the answer we must divide even though the -division 

sign is not used. ' We aski "What should be the number y so that 

h • y will be 20 ?" This number is called the quotient of 20 

by i| or 20 + 4 or TP • 

In this way we can write division' protj^lems using only the 

multiplication sign. 

The statements h • y - 20'^ 

and y = T^. 

20 ' 

tell us that -jj- is the number y ^ for which k • y ^ 20, 

In the same, way, j is the number t for which 5 . t = 4. 

Exercises 6-4 

1. .Copy and complete the following Sentences: 

a. What number, do you multiply by 9 to get 8 ? 

9 • ? = 8 

b. What number do you multiply by 4 to get .7 ? ^ 

6 ' 4 . ? = 7 , « 

c. J is the rtumber x for which 5 . x = ? 
5 - 

d. ^ ±Q the number x. for which ? • x = ? ' 

^•/L^ number x for which ? • x = ? 

18 ^ 
■ -g- ' is the number x for which :? • x = ? ' 

g. is the number x for which ? • x = ? 



h. ^ 13 the number x for which 



9 



X = ? 



2. In which parts of Problem 1 ^is the number x a whole number? 
Find the number for x whenever it is a whole nxomber. 
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a. 


2 • 


r 


= 3 


b. 


5 • 


r 


= ko 


c. 


k . 


r 


= 15 


d. 


7 • 


r 


= 56 



In each of the follovd.ng sentences, find the number r which 
makes. the statement^ true • (Keep the fraction form,) 

i e,. 3 • ^ = 21 

f f • 5 • r = 11 • ' 

g. 10 • r = 60 ' 

h. 8 • r = 1 . 

For each of the following write a sentence which describes 
the problem in mathematical language. Use a letter^ such as 
^n, for the unknown niimber and tell, in word's, what it stands 
,for in each case, . \ 

Example ; Sam's father is sawing a log 12 feet long 
into 6 eq^al lengths. How long will each 
.piece be? 

Answer ^ If x is the number of feet in each piece. 



then 6 • X = 12, 



a. If 12 cookies are divided equally among 5 boys, how 

many cookies should each boy receive? 
h. Jlr, Carter's car used 10 .gjallons of gasoline, for a 
< 160 mile trip. How many miles did he drl,ve for each 

•gallon of gasoline used? 
c. If it takes 20 - bags 'of cement to make a 50 foot walk, 

how much cement is needed for each fo'ot of the walk? 

Without dividing or factoring, decide which of the following 
statements are true. As an .example, to 'show that = 8, 

Itiply 8 ^by 21 to find out if the product is l68. 



mu 



a 



b. 



Rational Numbers in General , 

In the last section we said ^ 
20 

is the number n for' which . 4 • n = 20, 
4 • 

J is the number n for which 3.* n = k , 



19^. 

16 
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; From these examples, can, we say exactly what ^, 19^^91 > 

'and j^mean? We can, but not in a single statement that include 
jail of the examples at one time. The task is easier if we use 
I letters to staxvi for numbers'. HejreN is a way that we could say 
I this with words. (Don't try to remember it. It is only put in 
I as a ifiorrlble example.) . . 

! , If we write the numerals for two counting numbers, one 
above the other, with a horizontal^^line between them, 

' then the resulting symbol !& a numeral for the number 

which, when multiplied by the number whose humeral we ^ 

have written in the bottom, givefe the number whose 

numeral we have written on top.^ * . 

Here is the way ^hat.we i|ay this if we use letters to stand for 
numbers. 



Definition: 



If 
then 



a and 
a 

b • n = a 



b are whole numbers (b 7^ O) 
" is the number n for which 



Clearly, the , second statement is easier and more con-lenient. 

you 



In^the definition, if you let a = 20 and h = h, 

rr^^ -a " 20 / 
get . ^ = TP . 

20 

Then -is the niomber n -for which 

20 ^ 



h - n = 20, and 



TfT = 20. . 
Examples: 



5 

' / When you write 
you are usihg "n" 



Is the number* for which 
is the number for which 
is the- niomber -for which 
is^ the nxomber for which 
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It a 

to stand for 



is the number 
nan 

F • 

a 



= a 



' when you replace 
For example: 



n 



2 . 1 = 6 



nan 



and 



9 
2 

n for which b 
Then b • n = a 



= k 



<7 



•„n = a" 
becomes 
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Since you are Just beginning to Investigate fractions ^and 
rational numbers, all that you know about them Is that: 

1.. Every rational number has a name which 1b' a fraction, 
2, The rational number ^(b ^ O) Is the number -'for which 

In this new look at fractions you are asked to pretend that - 
you do not know the meaning of addition or multiplication of 
rational niambers or the manipulation- of the s3rmbols which produces 
fractions for s.ums and products, of rational numbers. 



Exercises 6-5 



Practice using the pattern b 



1. 



Example: 2 • ? = 6 
Copy and complete. 



Is 2 



6 



In the' following problems. 



= 6 



a. 
b. 
c. 



5 • ? 

5;^? = 50 
7 = 65 



2, . In eaqh ca^e find the? value of 



ment corrects, 



a. 5 • x-= 6 
b\ * 5 . X = 50 
c. 7 • X = 65 

5. In each case find th'?' value of 
*^ fraction. 

. . a . -^5 • X = 7 

b. 5 - x = h 

c. 7 . X = 5" 

^. Copy and complete. 

6 



d.. 


12 


• ? = 132 


e. 


19 


. ? = 1729 , 


f 




• ? '= i960 • . / 


of 


X 


whlijh makes the state- 


a. 


12 


. X = 132 


e. 




• X = 1729 


f.i- 


35 


• x'= -1960 . . ■ 



d. 
e.* 



a. 
b. 

c . 



5 = ? 
12.^ = ? 

9 • I = ? • 



d. 
e. 



X. Express the answer as a 

12 • X =*• 6 
19 • X = 29 



f . . 35 '• X = 3'^5 



3 'I = ? 
5.^ = ? 
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5. Copy and complete. 

■ a. ? . I = 7 • d. ? Ik 



b. ? . § = 5 ■ e. ? - ^ = 11 

c. ?«| = 5 f. ? • = 9 

6. Copy and complete. s ^ 

f.| 11. 1 = 9 

g: 16.1= 1 
h. I = 1 

\l. 1759 • r = 2^05 



a. 


6- 


9 , 


5 


b. 


12 


? 


r 6 


c. 


9 • 


T _ 
7 


7 


d. . 


^. • 


9 

7 = 


9 


e. 


lif 


'l- 


= 7 



iJ. 609255 • J = 17965 
7. Copy and complete. Use the pattern b • ^ i a. 



a. 


? 




.e. 




b. 


? 




^^ 




c. 


? 




g. 




d. 


? 




h. 





8. BRAINBUSTER: Each letter, is a different digit and E 
^ greater than 2. , - 

MATH 

What nmerals containing four digits do MATH and EXAM 
represent? • 
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6-6. Properties , of Operations with Rational Numbers, 

We have now extended the iiiimber system to include rational 
: numbers. We found it necessary to do this in order to be able . 
to divide whole numbers . Now we shall ask questions about mul- 
tiplication, division, addition, and subtraction of the rational 
n\;(mbers. 

^The first -problem will be^ to extend the meaning of the opera- 
tion of multiplication. Using only what we know about the mul- 
tiplication of whole numbers we shajl show how the qperation of 
multiplication is extended to the rational numbei^s. Let us think 
abcut the idea of extending the mejaning of a word. 

Suppose you had specimens of each of the following: , eagle, . 
owl, sparrow, parrot, stork. Suppose you decided tg call all 
"ches^r creatures birds. 







Now suppose 'that someone came to you with some other .creature 
and asiced you whether it was a bird.* Suppose^ he pointed out 
a <^ippopotainus . 
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Wcidd you call thl«, creature a bird? Certainly hot. Suppose 
somepne came with the creature pictured below. 




Would you call this creature a bird? You would, wouldn't you? 

•How did youlnake these decisions?' Prom* your limited know- 
ledge^ of birds how did you decide to extend the Idea of bird to 
include the quetaal but not to Include the hippopotamus? You 
probably made this decision very quickly because you have been 
doing this sort of thing all your life-. ...But there was a thought 
process Involved that went like this; 

- ,^e five given exajnples of living creatures that are called 
r birds have certain properties in common. Among these 

properties are: wings, feathers, beaks, two \egs, cl^ws. 

S^ou decided to extend^ the use of the name "bird" to include 
any creatures that have these properties; bt^t not to 
include creatureS that do not have. these properties. . 

/Now what, does all this have to do with mathematics? Simply 
this. We are going to extend the operation of multiplication to 
opera^te on rational nmbers. And we .want to do this in such a • 
way that we preserve the properti^ of multiplication of whole 
numbers. We have already defined trie, operations^ of multiplica- 
tion for certain basic products like 

5-| = 3, 2. J = ?, . 1^5. 11 = ? ^ 

which^ follow the p?attern b • ^ = a. ' 

,But how shall we define products which are riot of this type, 
as for example: ^ r 



§..1 iL 

7 f' . J 
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We might think that we can define these products to be any- 
thing we like. But -Just as In the case of the birds, we wish to 
extend the idea of multiplication to the rational numbers in d 

* 

way that preserves the proper^'ies , of multip;Lication, 

You learnesL^ about the basic properties of these operations 
with whole' niambers" in Chapter 5. They are listed 'again 'bel6w. 



Addition 


7 '• ; 

Multiplication 


Closure Property 
a + b is a number 


Closure Property 
' a • b is a number 


Commutative Property 
a + b « b + a 


i^ommutative Property 
a • b = b • a 


Associative Property 
a + (b + c) = (a +' b) + c 


Associative Property 
a • (b • c) = (a • b) - c 


Distributive Property 
a(b + c) T= (a • b) + (a • c) 


Identity Property of 0 
a'+ 0 = 0 + a = a 


Identity. Property of 1 
a»l = l- a= a 




Multiplication Property of 0 
a • 0 = 0 • a = 0 . 



■ These properties held true when/the niimbers we had were the 
whole niimbers. Now. we wish to require that these prbperties 
hold time when the niimbers we have are the rational numbers.' 
What does this requirement mean? Some specific examples of what 
it means are that ' ^ 



2 


4 


must. 


be 


a rational number 


(closure for multiplication) 


2 




miast 

> 


be 


a rational number 


(closiire for addition) 


2 
3 




must 


be 


the same number as 


4 2 -> 

-r- • =r Which property is . 
^ ^ illustrated? 










2 


• 1 


must 


be 


the same niimber as 


2 

T Which property is 


J 










. , illustrated? 
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Exercises 6«>6 

Illustrate the following properties from the list on page 2Q0 
as properties 6f rational nunibers like yr^, ^ . 

a. Associative Property of Addition 

Distributive Pa^operty ' 
c- Identity Property of 1 
dp CommutatlvQ Property of Multiplication 

Give an example of each of the following: 

a. Counting number, 

b. Whole number. . ' 

c. A whole number which Is not a count;lijg munber. 

d. A rational humber which Is not a '^ole number. 

e. A numeral which Is not a 'fraction 'but names a rational 
number. 

Which of the following represent rational"- niombers? 

a. ^ e. 1 

b. ^ ^ ' f " 16 

g. 0.2 

^ • h. 0.13 

„ Copy and complete, or find the nxjmber that x represents, 
a. 15 . X ■= d. 15 '^^ 



'15 



b. 15.|.= 1U e. • = 



■'■I . ■ - 

I 
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- ? • cl • 


• y B il 


h 

• 


6.x — ^ 


b 


9 " c 

J? ? = P 


i. 




c. 


k 'i =5 


J. 


18 


d. 


7-7 = _ 


k. 


. ^ 1 ^ 


e. 




1. 


9 

5 • y = 1 


f. 


•15 • X = 13 


m. 


5 • X = 1 


£. 




n. 


17 - J = 0 



6. Matching. Each example on the left Illustrates one of the 
' properties listed on the right. Write the nxutiber of the 
property beside the example which describes, it. 



a.. 

b. 

c. 
d. 

e. 

f. 

h. 
1. 



2' 



2 

5 



5(2 + 5) = 5 • 2 +5 - 5 
^(4+6) = |(4)+|('6) 

l'l = l 



2 

J* 



2 



0 = 0 

1 . /I . i\ 4.1 



(1) Commutative property of 
addition* 

(2) Commutative property of 
multiplication 

(5) Associative property of 
addition 

(4) Associative property of 
^ multiplication 

(5) Distributive property of 
multiplication over 
addition 

(6) Identity property ^of 0 

(7) Identity property of 

(8) Multiplication property of 0 
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6-7v Multiplication of Rational Numbers , 

A fraction is a numeral which Is written In a specific way, 
'Bie symbol "j" is a fraction, A symbol Tor the product of two 
rati1>.nai, numbers, | and I Is "j • ^, " This symbol "j • I'* 
is- not a fjTaqtlon , 

n;lf you knew nothing at all about howl to find a fraction for 
th^ product you M guefjs -that a_ possible numeral for 

this.prodiact could be " Someone el«e 'might suggest 

'or even Why is the one which is accepted and not 

the others? Ycu may even ask what right we have to deal separ- 
atf^ly with the parts of the symbols in |..» ^ since each fractl^^n 
stands for a distinct rational number, . ' 

Our problem is to de'fine what we mean by multiplication of 
rational numbers and jat the same time to find out what to do 
with the numerals. We are free to make any definitions we want 
'to make. It is our intention to make a definition that will be 
useful and will fit "with what we already know about whole 
numbers. 

Therefore, we shall define a product like (f • 1^) so that 
- « ..." > 5 

^the commutative and associative properties are kept. We shall 

begin with what we know about the whole numbers and rational 

numl^ers. • We shall extenc^ the properties of multiplication of 

whole ntimbers to the multipllcatloh of rational nimbers and' 

Observe what happens, ✓ ^ ' 



■/ 



\ 
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Exercises 



■la. 



(Class Discussion) \ 

This s&t of exercises is different from other sets you have 
had.\ It presents a big idea in small steps. The, correct suswers 
are given at the right and you are asked to cover all of them 
until you have made your responses to the first one. Then" look 
at the correct answer to the first question. After each response 
you make, look at the correct answer. 

Since these are class discussion questions, you will be able 
to ask questions to clarify points you do not understand. ' Be 
8we that each step is clear before you go on to the next one. 



3. 
4, 



7 
5 



are both 



niimbers , 



We wish to find a single fraction for 
the product 
numeral. 



2 7 

^ • if there is such a 



To fijid out what we can about the product 



we use What We know about ^ 



and 



2.1 

5 5 

X and also the properties of multiplica- 

5 

tion which we wish to keep. Prom 

a 2 
b • ^ = a we know that 3 * ^ = • . 



We also know that 



7 
5 



II II 



2 we mean that - 
.are symbols for 



When we say 
"5 • I" and 

t'he same number. The symbols 
and "2" are different pencil scratches, 
but they name the ssime number. 



"3 • I" 



Also, the seime number is named by the 
pencil scratches "5 • and " • ■ " . 



Cover 
rational 



3 • T = 



7 
5 



2 ■ 
7 
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and 



2 - 7 



We know that we multiply numbers, not 
» pencil scratches. ^Therefore, the 
* symbols, that look different are simply 

two ways pf .wi'iting the s product 

and we may write 



Another symbol for "2 • 7" ' is "li|" 
Then we may write, (j • |.) • (5 • I.) ":=: 



We should like to groupi the niimbers in 
2 7 

(3 ' t) ^ (5 ' in another way. We are 
\ ^ ^ . 

permitted 'to, group these factors in a 
different way by the commutative and 

properties of multiplica- 
tion. 

Then (5 5) . ( ) = 14 

and since (5 • 5) is 15 ie write 
15 • (f .^i) = 11^ ' 

Compare the products 15 . (I- • I-) ^= V\ 

and b • n =*a 

We can match these exactly if we think 

b is 15 J 

n is _( \ 

a is 



same product 
2; 7 



associative 



(3 • 5) 



(3-5) 
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12. The matching we did in Step 10 tells us 



that 



a 



15. Then for n »- ^ we mayr write 



We have found that 
Ik 



2 . I _ l'^ or, 2 7 2 ♦ 7- 



a lU 



/2 . 7x _ l'^ 



This result may not be a great surprise to j^u.-^ The point 
is that you have been using a procedure on faith. Now yciu know 
that this procedure is based on mathematical reasons. It is hot 
merely an accident, but a logical result. 



1, 



In short form the steps ""you Just' went through c^n be written 
this way: 

5 . I = 2 and 5 • ^ = 7 
(3 • f) • (5 = 2 .^7 and 2 • 7 = Ik 
(3-5). (|-^) = 1^ 



15 . (f • 5) = Ik 



lU 



2.1= 2 • 7 



■ M 

1 



To find the product of these two particular rational num-' 
bers you form a new fraction -by using the product of the numera- 
tors and the product of the denominators of the fractions you 
started with. The product is clearly a fraction and hence 

you know that the product of these two rational numbers is a 
rational number. ' , 

Other numbers could have been used Just as well as j and 
^ . The, reasoning does not depend upon, the particular numbers 
used. . We can use and | where a, b, c/^ and d^^ are any 
whole numbers with b and d not zero. * , 

b • ^ = a and d • ^ = c c 

(b • |) • (d . |) = a i c 

(b • d) . (f . |) = a . c 

a c a • c 

Product of Two Rational Numbers : If a, b, c, and d are whole 
numbers with b;, and d not equal to zero, then 
a c a • c 

This statement tells us a great deal: 

1. It tells us that this is the only definition of multi- 
plication of rational numbers which is possible under 
the requirement which we made. We required that the 
properties of multiplication listed in Section 6-6 hold 
when the operation is extended to rational numbers. 

2. It tells us how. to find a. fraction for the .product oi" 
two rational numbers by using their fraction numerals. 

3. It tells^us that the system of rational* numbers is closed 
under multiplication. The product of two rational num- 
bers has a fraction numeral and therefore the product 

is a rational number. 

• 4. 
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fractions we shall find it necessary to have names for the a 
aii4 b of We shall vise numerator for a and denominator 

for ob. The context will make clear whether we mean the niimber 
or the numeral. We may speak of the product of the numerators^ 
and think of them as numbers. We may also speak of the numerators 
of the fractions and think of them as numerals. 

' Now telLl in your own words how to find a fraction for the 
product of two rational niimbers by using their fraction forms. 



1. Use 



2. 



Exercises 6-7b 



fractions. 

Example: 



a 
F 



to express the following products as 



5 



12 

55 



a.^ 



b. 



2 
7 

1 




5 
9 

2 

6 

6 
5 



g. 



2 

5 



1 

.5 



5 
J 



h. 



1. 

J. 
k. 
1. 



Express the following products as fractions, 
a. J 



6 
5 

5 
T 



1 

5 



e. T 



7 



f. 



a 



b 

a 



Express the following products as fractions. 



H 8 1 

c 1 
^- I • T 



0 . 0 

J • 7 

lU s 



X 

y 



92 

15 



w 



c. 
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a* . 


2, 

J • 


9 
t 


10 
= 21 




d. 


4 

5 • 


? 


k 
5 


b. 


h ■ 


? 

T 


8 




e. 


6 " 


9 




0. 


h 


? 
T 






f. 


1 

5 • 


9 

7 = 


2 



5. At the West Jxiriior High School, of the teache»s were 
women and ^ of these women teachers were married. What 
fractional part of all the teachers were married women? 

6. A T.V, program lasts ^ of an hpur. If ^ of this time 

^ is spend on commercials, what fractional gart of an hour is 
spent on commercials? 

?• The Men's Shop received a shipment ofSshoes, Of these, ^ 
were black shoes. If j of the black shoes had rubber 
soles, what part of the shi^pment was black rubber-soled 
shoes? . • 

8. At a certain 'town election ^ of the population was eligible 
to vote. If 5. of those eligible to vote acttially voted, 
what fractional part of the town's population acttially vot^d? 

Let us review what you know about rational' numbers at this 
stage of your progress. 

1. Every rational niimber has a name which is a fraction. 

2. The rational number ^(b ;^ O) is the number for which 
b - I = a. 

5. The commutative, associative, distributive properties ' 
and the properties, of zero and one are retained in the ' 
system of rational numbers. 

4. The product of two rational numbers is 

W/ § " ^ !"§ (a> c, d, are whole nximbers 

b ^ 0, d 0) 
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ifnau XB i/n& proaucT^ ui wo raTJionai numoers wnen pne or 
them is a whole nimber? For a particular case like 9s^^*^^hich 
follows the pattern of b • we know that the product is/ 7. 
What can we do with — , ~- ''' 



-V 



10 • ^ ? 



This is now the product of two rational ^numbers and we use the 



Notice that 10 • ^ does not follow the pattern ^ * f" • 

I We can make \x^e of item 1 above. Is 10 a rational number? 
What fraction may we use as a nume3;^l for 10 ? is a 

TP5?fiQption and we may use this numeral to f^d the product, 

We may write ^ ^ . Z , 

is now the pr< 
pattern' in item . 

T ' 1 • § = T 

I 

) 

Exercises 6-7C 

1^. Which property is used' in the statement: 10 • 9 ^ * 10 

2. Describe in your own words ho;v to write a fraction for .the 
product of two rational numberi.^ when, one of them is a whole 
number. 

5, Express the following products as fractions. 



10 .|.^.70 



a. 



5 • f . ^ d. 0 . I g. 8 • ^ 



b. 6 • ^ e. it I h. I • 4 

c. • It f.^ I • 11 i. ^ • 0 

Express the following rational numbers as the product of a 
whole number and a fraction Vlth ^numerator "l". For * 
example 5 _ c . 1 



a. ^ c,- ■ ■ e. 



. 2 ,■ ^ : 6 
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AT? Mountain view school t;he length of the schpol day is 6 
p- ; , *^s. 'If Y Of the day is spent in class periods, what is. 
■fi. . the time spent in class each day? < 



•.:\ 



••8« Equivalent Practions > 



If you were asked to ^simplify" the fraction you 



:>oul<i probablir say that § " This is correct. Why is It 
^ cbrrecl;? . It turns out that this fact follows very almply from 

what you know about the parquet of two rational numbers, 
^in^ see how. it follows. In what other way can we 

write g ? 

^ We^can write: | ; | • What does ^. ] | mean? 

We recofifnlze, f rom vftat we know about tHe product of two 
rational numbers that ' ' 

. ^ ' « |-r-| end j-T^ = I • I , But I = 1. 

Then I— ^ = ^ • 1 

5 • 5 J 

so that ^ * .S - 2 

5 • p J 



or 



10 2 

T5 " J 



by the property of the multiplication of one, applied -to rational * 
rtiumbers 

We speak of and "|" as equivalent ^ fractions . ^ They Vl 

are' different fractions representing the same rational number. 

We regard j as the "simplest form" since the numerator 
and denominator have no common factors (other than l). Some- 
.times it -is desi^^able to find the "simplest f form" and s6metimes . 
it Is desirable to find a particular "equivalent fraction". 
Suppose we start with the form j and wish to find an equivalent' 
fraction in which the denominator is 15. How shall we proceed? 

2 2 2 5 

J = J . 1 = ^ . ^ (Multiplication propea?ty of l) 

10 ' - 

= 15 
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Let us try to work with a symbol which represents any 
fraction ,and^ in turn,' any rational number. 

If a, b, and, k are whole numbers with b and k not 
.equal to zero, then 

a ^ T. _ a ^ k a * k , 
F = F • ^ = F • Ic " F^-Tc 

Then the statement: ^ = ^ | ^ „ 

tells us how to write. equivalent fractions. 



Example 1: Simplify -^^ 

' 18 3*6 _ 5 T 3 

Example 2: Express |. as a fraction in which the denomin- 
ator is 20. ' 

2 2 ' l| 8 

In^this case k is 4 since 5 . 1^ = 20,, 
and 20 is the required denominator. 

Exercises 6 -8a 
(Class Discussion) 

1. In Example 1 what numeral in ^ [ corresponds to k in 
a * k « ' 

2. What values should be given to a, b, and k if you want 
to simplify to J • 

5. Why is. the fraction y simpler than the fraction 4r • Note 

2 ^ 2 
that the numeral ^? is simpler but; the number, is the 

' 10 ^ 
same as the number "j^ • 
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Htdte three different equivalent fractions for each of the 
fractions below. 



* 1 


f. 








12 




h.- 


i 


^12 


1. 


1 

JL 


- 1 ■ . 


■ J. 


27 

5r 



a. What , is the least common multiple of 10 and 15 ? 
1). Use the L,C,M, as the denominator and write equivalent 
V. fractions for ^ and . • 

Express each of the given rational numbers as a fraction with 
the Indicated denominator, ^ . 

2 ^ 2 

a. J,, denom. 15 d. denom. Ill 

b. ^/ denom. 15 e. |, denom. 18 

c. denom. Ill f. ^, denom. 18 

Express the following groups of rational niimbers as 
fractions with the same denominators. 

a ^ ■ I H 11 2 - 

a. 3, 5 ^ a, ^, J 
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a. 




e. 


2k 


1. 


b. 


Ik 
T5 


f. 




J. 


c. 


12 


g. 






d. 




h. 




1. 



lixerclscs 6^8b 

Simplify the following fractions. Use the method shovm in 
the example* 

s^^^' ig- i : j : t - I • f • 1° f 

IS 

111 

mill 
1111^ 

Express each of the given rational numbers as a fraction 
with the indicated denomin'ator* 

/ 

a; 2, denom. 3 d. dehom. 35 . ' 

b. 5, denom. 3 e, ygp, denom. 30 

c. denom.. 15 f*. denom. 15 

Express the following groups of rational numbers as frac- 
tions with the ^ame denominators J 

11 



a. 


h 1 . 


f. 


b. 


Jr. i - 


U. 


c . 




h. 


d. 


u 5 • 
5'. T . 


> ■ . 


e. 


U 1 


J. 



1 2 
■ J' 

1 2 



^5 



Multiply and simplify where possible. 



a. 


3 


b. 


6 


c. 


5 


d. 


6 


e. 


3 



1 g. 10 . ^ . 1. ^ . 6 

T • ^ ^ '"•1*5 

2 . _ U VJ 3 5 

^ J. g • J °- ife • ^2 

J/ 21U . . 

.^6 



5. A inan has 7 children, 3 daxighters and the rest song. He 
has 20 acres of land to divide equally among all his 
children. What is the total number of acres that the sons 
Will receive? 

6, HambxiTger costs 8o^ a pound* How much would you pay for 
7 ounces? "^^^ 

7. Walter was paid ;^173 for ho hours of work. At this rate 
hbw much will h9- receive if he/ works 50 hours? 

8, BRAINBUSTER. The numerator ank denominator of a fraction 
contain the same two digits but in opposite order. The 
fraction is equivalent to j . Find thiree i^uch fractions. 



6-9* Reciprocals . 

Two numbers are said to be reciprocals of each other if 

the p*'oduct of the two numbers is 1. What is 'the reciprocal 

of 6 ,? Another way to ask this question is: What ;i3 the 

niimber x for which 6 • x = 1 ? 

• * 1 a 

X = ^ from the pattern b • ^ = a. 

Then ^ * ^ " ^ 

and -:6 and ^ are reciprocals of each other. 

The reciprocal of 6 is ^ . The reciprocal of ^ is 6. 

All rational numbers except 0 have reciprocals. Think 
about how you can find the reciprocal of . The reciprocal 
of 7-- is ff since 

^ ^ 15. h ^ 5 

5 ' IT 5 • 4 

h • 5 

g ' y ^ is 1 because the numerator and denominator are 
the same. 

If a and .b- are whole numbers different from 0, then 

the reciprocal of is ^ since = g ' ^ = i. 

b a b a b • a 
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Exerclges 6^9 
^ (Class Discussion) 

1. What properties are used in the statemrat 5 ' ^ = 1 ? 

D • a 

2. Describe in your own words an easy way to find the reciprocal 
of a rational number, written as a fraction. 

3. Give the reciprocals of the following numbers. 
' 17 ; 11 . 1 



a. 




e. 


b. 


i 


■ f. 




8 




c. 




g. 


d. 




h. 



J. 



Ik 

1 T 6 1729 

4. Why is there no reciprocal for zero? 



11 




7" • 


m. 


2 




3 


n. 


! 


0. 


6 




9 


p. 



. 6>-10.. Division of Rational Numbers . 

Now we are ready to look at the problem of dividing one 
; rational number by another rational number. When we came to 
division in our study of counting numbers, we ran into troiible. 
We noted that we cannot always find a counting number as the 
quotient when we divide one counting number by another. The set 
of counting .numbers is not closed under division. We had to 
extend our number system to include rational numbers in order to 
be able to divide counting numbers. 

We now face an interesting question. Is our rational 
nximber system closed linder division? Can we find a rational 
number which is the quotient when a rational number is divided 
by a rational number, or Is it necessary to extend the system 
again? 

We wish to investigate y + j in order to find whether • 
this expression has any meaning. In our investigation , we shall 
require that the properties listed in Section 6-6 continue to 
hold true. 

/ - 
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6-10 

We do not yet know anything about division of rational 
' numbers, but we do know about multiplication. We make use of 
the fact that 'division is the inverse operation of multiplication, 
a + b, = X means that a = b • x 
We^can start by saying that we want to find the number n , 
if there is such a number, where 

I + f = n • ^ ^ 

^7' the definition of division as the inverse of multiplica- 
tion, we have 2 5 

J = 7 • ^ • 

This Is helpful because the operation i& now multiplication, 
which we can handle. It would be nice to have Just n instead 
^ * ? • learned about reciprocals in Section 6-9 and we 

now find that the product of reciprocals is -useful to us\ 

The reciprocal of ^ is ^ and the product • i) is 1, 

Let us now proceed: 

J = ^ • n from above 

"j" and • n" are diff^ent names for the same number, 

7 2 7 5 

5' j" and n)" are different ways of expressing the 

product of the same two numbers, 

7 p 
^ ^ and the number named by and also 

by "(f • n)". 

5*1 " 5* (7 • "5 • I" and • • n)" are names 

for the same number, 

= 5 • • ^) 5 * J-"^ (P^o^^c^ of rational numbers) 

^ = • 7) • n) Associative property 

^ = 1 • n ^ / and ^ are reciprocals 

•j^ =. n Identity property of 1 
2 5 

Then j + ^ =. n Statement we started with . 

becomes -4^^ = -g. n is 

2527 l4 2*7 

o^ 3 + 7 = J • 5 15 3 * 3" (P^'oduct of rational 



\ 



numbers) 
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The last statement says that division by ^ is the same as 
miiltiplication t)y its ijeclprocal ^ . Does division of any 
rational number by any non-zero rational number follow the same 
procedure? The answer is yes. Division by any rational number 
(not zero) is the same as multiplication by its reciprocal. 

You have found 'tha!t -1 + 5 is |- • X which is a rational . 
number. It is the only possible meaning to attach to j + 
the properties stated In Section 6-6 are kept, it shows the pro- 
cedure to use with fractions in the division of rational numbers 
and it shows that the rational numbers are closed under division 
except that division by zero is excluded.. 

To find the" quotient of two rational numbers ^ 
written \as factions, find the' product of the"^* / 
first rational number and the reciprocal of 
the second ^rational number. 

Quotient of Two Rational Numbers ; ' • . * ' 

If a, b, c, and d are whole numbers with" b and d 
not equal to zero, 

a + £ = a.d^a; 



F 3" F . c b • c 
When we began our search for h. in j -^ ^ = n we were not 



sure that such a number existed. We found that indeed there is 
jmbe 



Ik 

such a number and that it is -te- • Let us check that this rium- 
ber n {^) really does satisfy 



5 7 



7 7 15 7 7 ^5 y 

= (5 . I) . 2 ^ 2 ^ 2 



40 
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^ Express each of t?)e : following as*^ a fraction: f 
' . . W • (b) • . • (o) 



7"^ 



Express each of thp^fdllowlng as a fraction In simplest form; 

?*f. . il*! I*? , 

13. Mrs. Brown has ^ pounds of potato salad. How many 
portions of ^ poiand csin sh^e serve? 

' 14. A metal worker has a steel /Bar^^ of a foot long. How many 
pieces ^ of a foot long ^clan be cut from the bar? 

* 15. A wire fence extepds over, a distance of ^ of a miie. At 

^ of a, mile a vraoden post is- used as. support. How 
' many wooden posts are used?__(JDon»irT£^^^ to, count the postfe 
. at each end.) 
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■cjterciaea o-j.UD 

1. ^ Write the reciprocals of the following rational niunbers ; 

2 
7 

50 ■ 

T . ■ 

1000 

J- 

2, In the fdllovd.ng, letters represent rational numbers, all 
different from zisro. Write the reciprocals.. ' 



a. 


11 


e. 


b. 


201 


f. 






s- 


d. 


1 

5 • • 


h. 



a. m b. B c. i d. e. ^ 



c s 



3. Write the set of ;.gumbers consisting of "the reciprocals of 
the members of the set Q where: 



0 - (1 i. 1 ^ 5 6 7^ 
« - l-t, J, ^, ^, g-, J, ^J, 



8.' 

4. Find the value of • x so that the following statements are 
true; 

a. 3 • X = 1 ' d. ^ • X = 1 f. 2^ . X = 1 

b. ^ • X =1 e. 100 • X = 1 g. . 2 . X = 5 

2 

• cc, J . X = 1 • 
Express each of the following In simplest form: 

5. J • I 11. ^ • 7 17. I + i 

6. 5 • |- 12. ^ + I - 18. I + I 

7. l + f ' . • 13. I 19. f + l 
8.. 1 ' lU. J + 5 9.2 



+ If . J + ^ 20. ■{■ 

9.; 9 . ^ 15. 21. ^ . 5 

10. J + J : ^iL ^ + I 
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Exercises 6-lOc 

!• Express., each of the follovfLng a's a fraction in> simplest form: 

2, JDp you think, division is commutative? Express each quotient, 
as a fraction to test your response, 
a £ + i 1 ^ 2 

5. Do , you think that division is associative? Express each 
quotient as a fraction to test yo'or response, 

^f. A large can of orange Juice is ^ full. If a portion of . 
, orange Juice is ^ of this large can/ how many people can 
be served by using the Juice in the can? 

5. How many meat patties can be made from pound of meat if 
each patty is to contain ■ pouiad of meat? 

6, Mrs, Edwards bought ^ of a watermelon. She cut the water- 
melon into 8 equals portions. What part of a whole melon 
is each portion? ' 



6-il, 'Addition of Rational Numbers , , 

It' is time to pretend agaift. This time we shall Investigate 
addition of rational numbers. We shall use the distributive 
property. This seems reasonable siwce this property uses mul- 
tiplication which we know about and addition which ,we wish .to 
■ study,] • ■ 

^ Our problem is to extend addition to ^rational numbers and to 
keep the properties of addition. We shall start with the simplest 
^kind^'Of addition example where the fractions have the same 
denominator, * 
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Example 1: Add 



and 



We know that 2 ' j,= j 



•and 5 



• 7 



7-}. 



Product of "two 
'rational nviinbers. 



7^} 



2 ^ + 5 . . ^ 



f + (2 + 5) ' ^ 



pistributlve property 
2 + 5 = 5 

^ 7 7 



Example 2: Use , !• arjd |- ( b O) to ^'represent two / 
rational nxjjnbers whose fractions have the same 



denominator, 
a . c 



Add 



a '1 
We know that ^ is^^ a . ^ 



and x; is 



1 
F 



a J. c , 1 , 



F-^F 



1 

• F 



(a + c) . i 



2^ J. c a + c 



Exercises 6-lla 
(Class Discussion) 

Describe in your own words the procedure to follow to find 
the sum of two rational numbers in fraction form in which 
the denominators are the same, 

Wiat fraction represents tKe sian of + ^ where p, q,. 
and s are whole numbers, ^ arhd s / 0 ? 
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Express as fractions: 



a. r + 1 




2 . 6 

^ + ^ 

7 7 




f. 


8 8 




C . 
o • 






h 


9 + 9 


4*. £3CDress as fractions 


in simnTpat 


X ill • 


f + f 


e. 


^ + i 
9 + 9 










g. 




d. ^ + -^ 


1^- 


11 ^ 10 

7" + T 



5. Find the least common multiple of the denominators in „ each 
pair of fractions. 



a. 


i5. 


k 


e. 


p T 


b. 


2 


I 


- f. 




c. 


h 


11 
T 


g. 


■n. § 


d. 




2. 

3 • 


' h. 


7 2 
6' 15 



Use the least common multiples of thk pairs of denominators 
in Problem 5 to write equivalent fractions with the same 
denominator for each paif of fractioi^s\ 



Example: a. ^ = ^ = ^ 



U _ U 2 _ 8 



'5 
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. . . So far, you have learned how to add* rational nximbers of a 
particular kind. " The fraction forms df these rational numbers 
have the sake denominator. What can" be done when the fractions 
have different denominators? Simply. find equivalent fractions 



in 'Which the denominators are the same., 

, Consider the problem of finding a fraction for fche sum: 

Any common multiple of 5 and 7 will serve for a denom- 
inator, but the least common rultlple Is usually preferred^ 

What i,s the least common multiple of 5 and 7 ? Write 
etqulvalent fractions/ and add: 

and f = g 
2 . 3 _ .15 _ 29 

5 + f - 55 + 5f - 55 
, Exercises S^rllb 

.■ ^ ' 

1. Express each siim as a fraction and simplify where it is 
^possible. 

2. If -a, h, c, and_ d are whole numbers with b and <J not 
equal to zero, find a fraction for f + § • 

a. What is a common multiple of .,b and d? . .> 



a. 


1*? 


e. 




1. 


b. 


•2.2 


. f . 


hi- ■ 


J. 


c . 






15 ^ 


k. 


d. 




h. 




1. 


If 


•a, b, c. 


and. d are 


whole numbers with 


b 



b. 



a ? . ? 



d. 



a » d . b • c ' 
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Express ^ach sum as a fraction 'by finding least commoh 
denominators. Simplify -where possible. 



d. 



e» 

" Express each of the following as a fraction in simplest form, 
a. tf) +1 °- + +1 

In a recipe the ingredients include ^ lb. butter, i lb, 

i ' 1 

sugar, ^ lb. cocoa, and ^ lb. peanuts. What is the 

total weight of these ingredients? 

It is ^ 'of a mile from Ben's home to school and 2. of a 
mile from his home to Lincoln Park. How far does Ben walk 
when he goes home from school and then on to Lincoln Park? 

The White family spend of their income for rent and. ^ 
of their income for food. 

a. What fractional part of their income is spent orTTjoth 
rent'-^and food? 

b. What fractional part of their income, is left over? 

^1 

On a lohg motor trip Mr. Downs covered of the distance 
the first day, ^ of the distance the second day, and ^ 
6f the distance the third day. 

a. What part .of the trip did Mr. Downs cover during the 
first three days^ 

b. What-^art of the trip did Mr. Downs still have to cover? 

1 1 1 

A man spends of his salary for rent, ^ for food, ^ for 

;clothing, and ^ ^ for charity and service. -The rest he saves. 

Out of each dollar he earns, how much does he save? 
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10. 



In the magic square below, add the numbers in each caltunn, 
Then, adding across, find the sum of th^ numbers In each 
row. Now add the. numbers in each diagonal. (Top left 
corne r to ^lovrei^ right-corner, e t c-i4- 



45: 


5 
H 




. i 


IS 
8 


lb 
T. 


2^ 




li 



Sum of Two Rational Numbers : If a, b, c, and d are 



whole numbers .with b 



a . c 
F + F 



and d not equal to zero, then 
a + c 



F + d = 



d + b 
b . d 



The statement above tells us that the rational numbers are 
closed with respect to addition and describes the* procediore to 
find a fraction for the sum of two rational numbers. 

This is the only possible .definition of addition ^of rational 
numbers consistent with the properties of addition extended to 
rational numbers. 



6-12. Subti>action of Rational Numbers. 



/ 



Consider the difference ^ - | Subtrao'tion is the 
inverse of . addition which we know how to do. The difference, 
^ - is the number which we add to y to get ^ . 

Then ^ - I* Is the number «S for which 

O — '7 1 

+ « ^ . Why was the form ^ chosen here? 



: - 6-12 ' 



It 18 easy to see that ^ + ^ > ^ • 
Hence ^ - Is the ntanber ^ . 




can be expressed as 
The prbcediire for siibtractlon Is 



2 7-2 



9 

We often do the middle step mentally. We check by addition: 

'2.57 
9*9 = 9 • 

t . ' ■ : .. 

Subtraction of Rational Numbers ; If ^ and |- where •" 
b / 0 are two rational numbers/ then 

a c a - c 

Exercises 6-12a 
\l. Express the following as fractions. 

a il 7 2 - ii lit 



d. 


7 


2 

■ 5 


g. 


e. 




5 


h. 


f . 






i. 



b, 

a ^ y% f XL ^ . 12 2 

2. Express the following as fractions and check by addition. 



3. a. How do you proceed 'vyhen the denominators are different 
as In ^ - ^ ?, -/ \ 

b. Vfhat can you use for a common denominator? Wliat Is the 
least common denominator? 
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Whait two fractions equivalent to 
\denomlnatfor 40.? ^ a . 



and 



.have the 



-What Is th e slmplaot fraction .fop - 



*6. 



8, 



4, . Express the numbers as fractions with the same denominator 
and write a single f -ictlon f or ,each dlffererice. 

1. 
J. 
k. 

1.' 







e. 


2 4 
^ " 9 


b. 


1 *i 




2 2 


- J 


3-9 


c. 


, 1 ~ 1 




- - 1 


d. 


2 1 

5<- 


h. 


7-^ 



5.. Express each of the following as a fraction and . simplify\ 
.when it is possible. 



a. 
b. 
c« 



S - i 



2 



d. ^ 

Find a fraction for 
whole, numbers and b ;^ 0, d ^ 0. 



e. 


7 2- 
5? ■ 10 


1. 


f . 




J. 


g- 




k. 


h. 


7 5 


1. 


c 

- ■3' 


where a, b; 


c. 




17 

T 



5 



4 



55 
11 



and d are 



a. Express ^ and 
■ denominator. 

9 



c 



as fractions with the same 



a c 
^- b - d = 



Exercises 6-12b 

Express ealch of the following as fractions and simplify when It 
is possible. 



1. 
2. 



6 

7 





. 4. 


11 2 


11, 
- T"' 


. 5. 


1 - ^ 
F 10 


4 

" 5 . 


6. 


11 14 
IC) - 15 



7- 

.8. 

9. 



2 
9 

11 1? 



5 

1 
3 
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10. During the first hour of travel a'plane covered ^ of the 
whole trip. ' At the end of the secorid 'hour of the trip 

— ^ — h ad been co mp leted, — What^4)art-ol^he--^;rip-^as— 

during the second hour? 

: * 11. Over a ten-year period the city of Spring Palls grew, in 
^ -populatioij from ^ of a, million' to y of a million. By 
what fraction part of a million did Spring Palls grow in 
this ten -year period? 

12. Betty had a piece of ribbon ^ of a yard long.' She used 

i of a yard to make a bow. How much ribbon was left? 

1 

Was this more or less than ^ a yard? 

■■■ -nL" 

6-15.. Sxammary . 

J- 

In this chaptar you saw why it was necessary to extend the 
number systam from the whole numbers to the rational niiiiibers. 
This .extension was necessary because the counting"' numbers are 
not closed under ^division. Need for the rational numbers arose 
when man started to use numbers to measure. 

' Fractions are names for rational numb^f^s. The fractions 
"j"> "1^" are all names for the same number. 

The set. of rational numbers is closed ^under the operations 
of addition, multiplication and division. You have learned 
.certain procedures for expressing in the form of a fraction the 
svim, difference, product and quotient of two rational niambers. 
These procedures are not picked out of^ a hat. They follow 
logically from the basic properties of the operations of mul- 
tiplication and addition. The basic proced\n?es of operation 
with rational numbers are given below. 



EKLC 



If a, ,0 and d are whole niirabers vlth b- and d 
not 6(iiial -to 0 then: 



Product: 

Equivalent . fractions : 



a » d a 

a ^ ^ _ a • d 



Division: | + ^ ^F^f 2:ero) * 

Addition: . /| + | « ^ . ^ . 9 . 



-J - • 

Subtraction: 



a . c _ a * d^H- b 

a' r"r-a- 



^a c a - c 
F " F . 

a C' a • d - b 

,F " 3 = — r^r-gr 



Definition:^ b • ^ a where ^ is a rational number. 

Reciprocals: Two numbers are reciprocals of each other if 
the product of the two niunbers is one. 



6-lit. Chapter Review . 



Exercises 6-1^ 



1. Copy and complete or fin<^ tde correct value of 

! ' ■ 

a. 2 • X « 6 ' d. ? . 5. e ? 



b". ■ ? : J « h 




e. 


c. 7 • ? 




f. 


Multiply and simplify. 




o 1 2 
a. 5 • 5 • 


f. 


c 2 
3 - 9 




g* 


2 . 'i 

7 




h. 


12 . i 




1. 


T * S 


1 • f , 


J. 


20 6 
250, 



6 • y = 5 
4 • X = 5 



k. . (| . |) 

lUv 



2x 



o. 



52 



3. Divide an(» simplify. 



2 4 


6.5 

Ti^ + 7 


k k 

c. 1^7 + 5 g. 


? * J 

hi 


d. 1 + 1 ■ h. 




Add and simplify. 




+ J 
















e. f.^ 




f. g + TT 




Subtract and simplify. 


a. l-f 


e. 




f . 


10 5 
°- ^-T^■ 


g. 


d. I 2 





i 1'+ . 21 



m. 5. + 



-7- 



. . 22 . 11 
1 1 * 1 



n. 



o. 



t * 5 

I + ^ . 
14'+ J 



g* 
h. 

i. 

J. 



4. 2v 4. 1 



2 + ? 

T + F 



k. 2 + 
1. 



5 
9 



1. 
■J. 



20 
T 
16 



2 
5 



k. 5 - 
1. 



2 

4 



11 

T 



6. Perform the indicated operations and simplify. 



11 



a. 

b... 
c. 



6 5 



d. ^ + 7 



h. \^ . 2 

1. I H 



1. 
o. 



11 
7~ 

■ 24 5 

M 
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ERIC 



1 



I 7. A piece of plywood is made of three piles of .thickness 

-f^ 9- HQMLihick_ifl-_the„l)oard? 

Two-thlMs of a cake Is divided Into 
of the c€ike Is each piece? 



8, 



11. 
12, 
13. 

15. 

16; 



3 pieces. How much 



9. Before Edward moved, his home was 



mile from his school. 



HlB hew house 1b 8 blocks closer to the school. 
(Assume that a block is of a mile,) How far from 

school -Is his new house? 



10. A recipe* calls for 



of a cup of milk. If Mrs, Cook 



reduces the recipe by how much milk should she xise? 

Pour boys went on a picnic. In their lunch was half of a 
Katerme Ion.. They divided It equally^ What part of the 
whole melon did each boy get? ' 

If 2. of the eighth grade class usually works during the 
summer, -how many members of a class of 30^ will probably 
work during the stmmier? 

^How many quarts of milk are needed by a family of 6 
persons for a week If each person uses ^ of a quart 
each day? 

What property of. nxambers Is illxistrated by ^ • ^ = ^ ^ 

What Is the leabj; common multiple of the denominators of 
1 



atid 



Ti7 



If the' product of two nxambers Is 
called? ' 



1, what are the niombers 



17 •( How can you decide whether two fractions name the same^ 
\ rational i^umber? ^ 

Complete the following statements: ' • 



' 18. 



is the ^limber which when multiplied by ? is ? 



p 1 
19. J is the product of ? by y ^ 



20. 



? = 1 
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6-15 • Cumulatlvo Review^ 



1. 



2. 



Find another name for S * j • j 



Exerolses 6-15 

_ _ 2 

a^ as a fraction 

b. using an exponent. 

a. What are common names for ^ and 

b. Which is larger and by how. much? 



35 7 



3. ^Wse'set notation to derioribe the set of 



^1 



multiples of 10 



Is this set closed, under addition? 



What whole numbers can you replace n by so thiat the / 
following statements are triie? 

a^/ 8 + n ,« 15 
/ b, 8 • n « 15 ^ 
c. 8 + n < 15 

5. True or False. If the intersection of two lines is exactly' 
»e point, then the two lines lie. in the same plane. Give a 

^ reason for your answer, 

6, In the diagram there are 

■ < > ^ 

three lines, AB and CD 

/ i are parallel, 

^ - a. What Is 

b. What Is ^n^>? 

c. What Is 

?• How many different prime factors does 100 have? 
8,. Can ybu tell if: 

a. 10101 is divisible by 3 without dividing? 

b. Is 10101 divisible by 9 ? 

9* What Is the least common multiple of 2, 4, and . 10 ? 

10, If a number has 10 as a factor, what other factors must 
the number have? 

) 
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Chapter 7 
NON-METRIC GEOMETRY II 

7-1 Segments . 

. Consider three points A, , B, and C as in the figure 
below. Do we s^y that any one of them Is betweep the other 
two?* No, we do not. . ^ 

a. •C 



, We use the word "between" only when the points 'in question 
are on the same lice. Look at points P, Q, X and Y above 
on the line PY,. 

Is X between Q and Y? 
Is Q between P and Y? 
Is P between X and Y? 

Your answers should be Yes, Yes, and No. 

We know that while Q ±p between P and 



and X, 



X, there are 
These other points have 



many other points between P 
not been labeled. 

When we .say that a point P is between points A 
we mean two things; 

1. There is a line containing 
A, B, and P.. 



and 



On that line, P 
A and B. 



is between 



Look at the line AB again. Are there points other than 
P between A and B? We have not labeled any but we know 
that there are many points between A and ^ B. 

We can now say v/hat we mean by segment.^ Think- of two, 
different points L and M. The set of points consisting of 
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L, M, and all points between L and M 
segment 'IM. Point^s L *and M are called 
the endpoints of the segment. We name the 
segment which has endpoints- L and M 
by XH Sr by mE. A segment is a part 
iyf a line. 



is called the 



and 



In 'the figure below, we can name segments 
IJZT. Can you name other segnients? 



ABj DB, 




Figure 1 

You have studied about the intersection of sets. Do you 
agree that in the above figure the intersection of segment 
AC • and segment BD is segment BC? (Kc D BT? = BC) 



Exercises 7-la 

1. In Figure 2: 

a. Name tv/o segments whose intersection 
is point C. Name the endpoints 
of each segment. A 

-b. Name three segments whose 
intersection is point B.^ 
Name the endpoint of each 
egment. 




c. Explain -the difference between 

d. What is AeO-DE? 

e. What is ADfl 



Figure 2 



AD and AD. 
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5. 
6. 
7. 



In PJLgure 3: , 

a. Name 4 segments that 
Intersect at Z. 

b. What is 27 0 W? 

c. What is Wn 

d. .What is IE' fl W? 

e. What is W D 

In Figure 4 : 

a. Name 3 segments on TP. 

b. What is 2m H DM? 

c. How many point's 3i''e there 
between T and P? Name 
two of these points. 

d. What is Wf] DP? 

e. Name^ at least 6 segments 
on AL. 




D 



T K 

Pigure 4 
Label its endppi;:ts X and Y 



Draw a segment. 

a. Is there a pair of points of }fY. with Y between 
them? 

b. Is there a pair of points of with Y between 
them? 



Draw two segments AB and CD\ for which AB 0 CD 
empty but ^ D ^ is one point. 



is 



Draw two segments PQ and 
empty but is ^\ 



RS for Vv'Mch PQ fl RS is 



In Pigure 5* 

a. Is AB n / emp^y? Explain , 

b. Is "SC n / empty? Explain- 




Figure 5 
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Union of Sets 



You may _ remember that the intersection of two sets; 
A = (2, ii, 6, 8, 10) . 

B - (5, 6, 7, 8, 9, 10) 

is a set 

C = (6, ' 8, 10), 

whose members are -in both set A and set. B. 

It is sometimes helpful to talk about a different set 
formed, from set A- and set B. Suppose we think about the 
set 

, ^ ' D - (2, ^, 5, 6, 7, 8, 9, 10}. 

The set D includes all the members of A and all the members 
of B. Set D is called the union of sets A and B. Notice 
that members 6, 8, and 10 appear in both sets A and B. 
We agree fo list these elements only once in the union, . The 
'S5/Tnbol used to show union is (J . We read: 

A U B = D 

as "the union of set A and set . B is the set D," , 
Anotfier example of the union of two sets is given below: 

Let 5,et P be the set of girls in your 

mathematics class. 
Let set Q be the set of boys in your 

mathematics class. ^ 

Then P*U ^ is the set of all 'the students ^* 
in your mathematics class. 
^A. geometrical example can be 
seen in the picture at the right. 
Here TCbIJ W = 

W\J W and IfC U CD = AD. 




Another concept is illustrated by this k^^me picture. 
We see that every point in the segment BC is also a point 
of AD, We express this fact by saying that BC is a subset 
of AD or by saying that BC is contained in '"^^ You . 
should see that AC is a subset of Td and BC" ^s a subset 
of BS, but of the segments AC and BD "neither is a subset 
of the other. 

Other examples of subsets are: 

'The set of^boys in your school is a subset 
of the set of , students in your school. 

The set (l, 5, 9] is a subset of the 
set [1, '3, 5, 7, 9). 

In these examples the words "is a subset of" may be 

replaced by "i^ contained in." 

Remember that in general for sets S and. T, 

"S is a subset of T" or "S Is contained in T" 

means that every member of S is also a member of T. 

The concept of subset is extremely useful. One reason 
for this is th."it anything that is true of all members of a 
set is also true of all members of a subset. For example; 
if all the students in your school are American citizens 
then you may concTude that all the students in your class 
are American citi2ens. The reason that you can make this 
conclusion is that the set of students in your class is a 
subset of the set of students in your school. 

Exercises 7* lb 




Figure 6 
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a. In Figure 6, is segment BC contained in segment 
hn Is W a subset of Tu?? 

c. Nartie other subsets of AD which are segments. 

a. In Figure 6, is a subset of CE? 

b. Name other rays which are subsets of ^eT 

In each case, write the elements of the -set that is the 
union of the given set:;. Write the elements of the Bet 
that, is the intcrseobion of the given sets. 



n) 



X = The whole numbers 1 through 10 

Y = The whole numbers 3 through 12 

A is the set of linemen on a football team. 

B is the set of backs on a. football team. 



a. R = 










e) 


S = 






1, 




u) 


b. P = 




3, 


5, 


1. 


9. 


Q - 


(1, 


4, 


.9. 


16) 





Draw a line. Label three points of the line 
and C with B between A and C. 
a. What is ABfl BC? ' d. What -is IS y AC ? 
What is AC n BC? e. What is AC IJ BC? 
What is ASUBC? f. What is ABU'Sb? 



b. 
c. 

Let A 



and 



B be two points. Is it true that there is 
exactly one segment containing A and B? Draw a figure 
explaining this problem and your answer. 

In the figure at the right 

ja,. What is T!7 U ^? ' 

b 
c 
d 
e 



75 U ^? 

^? 
TITU TK? 

Draw a vertical line J^" 

to the left of /' . Label 

of ^ . Is MN 0 / empty? 



What is 

What is 

What is 

What ".s 



f . 



What is PR U QS? 
What is "Fq U QR? 



Label M and N two points 
C a point to the right 
Is MC n / empty? Explain. 



8, a. Explain why for any sets A and B we. have Afl B 
is contained In A while A. Is contained In A U B, 

b. Explain why: If A Is contained In B and B is 
contained In then A is contained In C. 

9» Illustrate both parts of Problem 8: 

a. With sets of people. 

b. With sets of numbers. 

c. With geometrj j;il setG, 
10. A = (multiplf.s of 10] 

B = [multiples of 

C = (multiples, of 5j 

a. How Is B related • A"^ 

b. How is C related M 

c. How Is Bfl C rei<rf.'cea "U: A? 



7-2. Separations . 

^ We often find it convenient to separate sets of objects. 
For example. In a movie theatre we usually separate the seats 
on the left side from the seats on the right side by a center 
aisle. In baseball, we separate the points In fair territory 
from the points in foul territory by foul lines. 

This idea of separation is also important In mathematics. 
Three important cases of this idea will be consldened..below.r. . 

In Figure 1, let plane ABC 
be the plane of a window in your 
classroom. This plane 5epara':es 
space into two sets: 




W:' 
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1, The. uet of points on your side of the plane of 
the vrindow. 

2. The set of points on the other side' of the plane 
, of the window. 

The portions of space on the two sides of plane ABC are 
called half-spaces . The plane ABC itse] f , is not in either 
half -space, 

^ Let R and S be any two . 
points in space not in the plane 
ABC of the window. Then R 
and S are, on the same side 
of the plane ABC if the inter- 
section of R§* and plane 'ABC 
Is empty. 

Al30^ R and S are on 
opposite sides of the plane ABC 
if the intersection of RS and 
plane ABC is not empty. In this 
case, there is a point of plane 
ABC on TS. . ^ 

Figure 2 

Thus, we have three types of separation: 

Type 1 -Any plane ABC separates space into two 
half -spaces . 

If R and S are in the same half -space then RS f) plane 
/^BC is empty. 

If R and S are in different half-spaces', RS 0 plane 
ABC is not empty. " 

We call plane ABC the boundary of each of the 
half -spaces . 




ERIC 



\ 
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Consider the plane XYZ. Do 
you'see hovr the plane XYZ could 
be separated Into two half -planes? 
Vfhat would be the boundary of the 
two half Ip lanes? 

Do. you agree that a line such 
as , separates XYZ into two 
half -planes i We call line \f the 
boundary of the two'^lf -planes , 




Figure 4 




Look at Figure 5. It consists 
of the line ^ and three points A, 
B, and 

Is lED \:tie empty set? 

Is' 5?f n ^the empty set? • 

Is n / the empty set? 

Figure 5 

If your answers were yes, no, no, you were correct* 
Thus, we have ^ , 

Type 2 -Any line J of plane XYZ separates the 
plane into two half -planes . 

Recall that planes and lines extend without limit. 
Therefore each half -plane extends without limit. 

We call the two half-planes into which a line separates 
plane, the sides of the line. For 
example, in Figure 6, the line 
separiites the plane ABC into two 
half -planes. The two half -planes 
are called the sides of y/ , We 
name the .sides of ^ by saying the 
A-side of ^ and the C-side of/. 
In Figure 6, the B-side of / = 

the A-side of f . 

^ ' . Figure 6 
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Now, consider the line V • What is meant by a 
half -line? Do you agree that a point P separates line Jl 
into, two half -lines? We call point p the bcJuntiary of the 
iialxriines. . - 





Figure 7 

Type 3 -Any point ^ of line _yf separates the 
line Into two half-lines . 

In Figure 8, D separates yf so that A and C are 
on the same half-line and A and B 
are on different half -lines. Can 
you see that, if two points are on 
different half -lines of the same 
linfe, then the boundary must lie 
between them? 

Figure 8 * 

Exercises 7-2a ^ 
(Class Discussion) 

1. Explain how each of the following may be used as* an 
example of a separation: 

a. The plane of the net on a tennis courc.^^ 

b. First base on a baseball field. J 

c. A movie screen. 

d. The right edge of your "desk. 

i e. A window in your living room. ' 

f . The 8-inch mark on a 12~inch ruler'. 

g. The goal "line on a football field. 




7-2 



2, 



3. 



4. 



*6. 



'1. 



a. 



In Figure 9j line £ and points 
Pj Q, R and S are in one 
plane. Are the .following state- 
ments tiTue -or false? Give" reasons 
for your answer. 

of is the 

S-side of . 
of is -the 

Q-side of ^ . 
empty, 
is ^pty. 
is empty." 



b. 



The • R-slde 
same as the 
The S-side 
same, as the 
. / n p5 is 



d. / n 

e. /'H 

f. / n ^ is empty. 

In Figure 10, 

a. , Does PQ separate the 
. plane ADC? 

b. Does PQ separate the 
plane ADC? 

Explain your answers. 




Figure 9 




Figur 



Draw two parallel horizontal lines 
paper. Label point P on line m. 



k and* m on your 
Is every point 



on m on the P-side of k? Explain. 

The idea of a plane separating space is similar to the 
idea of 'the surface of a box separating the inside from 
the outside. If P is a point on the inside and Q 
a point on the outside of a box', does PQ intersect 
the surface? 

a. Could the union of two half -lines be a line? Explain. 

b. Could the union of two half -planes be a plane? Explain: 
If ^A and B are points on the same side of plane RST 
(in space)must AB H plane RST be empty? Can , AB fl 
plane RST be empty? ^ . 
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A ray is a half -line together with its endpoint. A ray 
has one endpoint. Thus, a ray without its endpolnt is a 
half - >line . We usually draw a ray like this> . If A is 
the endpoint of a ray and B is another point of the ra^ 
we denote the ray by Note that is not the same 

aa A^. We use the term ray in the same sense in which it 
^s used in "ray of light," 

In everyday language, we sometimes do not use the words 
lines, rays/ and' segments as words with different meanings. 
In geometry, we should be careful to use them precisely. A 
"line of sight" is really a ray because it has an endpoint. 
Thus, you do not describe somebody as in your line of sight 
if he is behind you* 

The right field foul line in baseball refers to the 
union of a segment and a ray. The segment extends from 
home plate through first base^to the bottom of the ball 
park fence. It stops at the fence. The ray starts on the 
ground and goes up the fence. 

Exercises 7 -2b 
to explain the meaning of: 



Figure 11 



•2. In Figure 12 : 

a. What is PL U IK? 

b . What is fLO iK? 

c. What is Tf^U IK? 



l; Use Figure 'll 
a. RS 



P L K 

-H h- »- 



Figure 12 
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3. Draw a line containing points A, B, and C ', in order 
• from lef-t -to right-., " 

a. What is AB fl EA? 

^ *b\ VJhat is BA f) CB? 

c. What is AC f) BA? 

d. What is BA (J BC? " . 

e. What is BA (J CB? 

4. • Draw a horizontal line. Label four points on it A, 

• B,^ C, arid D in that order from left to right. Name 
two rays (using pairs of these points to name them); 

a. whose union is the line, *^ 

b. whoie union is not the line but contains A, B, 
and D. . 

c. whose union does not c<^ntain A. 

d. whose intersection is a point , ' 
--e. Whose intersection is empty. 



7-3. . Anglea and Triangles . 
Angles . » . • 

An anfile is a set of points consisting of two rays 
with a -common endpoin-fe and not >^pth in the same st^raight 
line. For example, in Figure 1, BA ,i 
and BC are two rays. B is the 
common endpoint and A, B, and C 
are^not on the same line. Thus, the 
set of points consisting of all the 
points of BA together with all the 

points of BC is called the angle ABC. Figure 1 



An angle ie the union of two raj^s with a common endpoint > 

and not- both in the same straight line. The common point B 

— > — ^ 

is called the vertex of the angle. The rays BA and BC 
are called the rays (or sometimes the sides) of the angle. 
An angle has exactly one vertex and exact:ly two rays. 




Consider the angle drawn in 
Figure 2. Remember thab R 
repre|e|Kts a point and that RS 
and RT represent rays. 
S ji.ilarly. Figure . 2 represents 
ah angleV . 

1^ 




Figure 2 



It is often necessary to name angles. The angle in 
Figure .2 Is named L SRT or L TRS. The letter at th€ 
vertexais always written between the other two letters. 



1. Draw an. angle 



'2. 
3. 



4. 



Exercises 7-3a 
(Class DiscusslopJ 
ABC. 




Figure 3 

You can see that the angle separates the plane. 

Shade the portion of the plane 
that appears outside the angle^ 
'as shown. This shaded portion 
Is called the exterior of the 
a'ngle . 




Figure 4 



'Shade the p^ortion of the plane 
that appears inside the angle,j 
as shown. This shaded portion 
is called the interior of the 
angle. 




C 



Figure 



Explain the following statement. 
"The interior of L ABC can be defined as* the inters 
section of the A-side of EC and the C-side of AB. 
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Note that the interior of an angle is the intersection of 
two half -planes. The exterior of an. angle can never the 
iDtersection or two half-planes. Th^interior of an angle 
does not contain the angle. The exterior of an angle is the 
set of all points of the plane not on the angle nor in the 
interior, . 

6, Another way to indicate the . . 

iJ'^exterior of ' [_ ABC is to 
say that 'it is t^e union of, 
the P-side , of AB and the 
Q-side of BC. 




Exercises 7~3b 

1. In Figure 6, 

a. Name the angle in two 
ways. 

b. Name the vertex of the 
• angle. 

c. Name the rays (or sides) ^ 
of the angle. 




Figure 6 



Label three p- Ints ,A, and ^ not all on the same 

line. Draw AB and BC. 

a. Shade the C-slde of A5>: 



2* 



b. Shade the A-side of BC. 
i c4 What set.iis/how doubly shaded? 

3, In Figure 1, what is: 
. a^ ^ U VW? 
b, TV [J WV? 




c. VI^ n VW? 



Figure 7 



249 



70 



r-3 




. Triangles 

Let A, B, and C be three 
points not all on the same straight 
, line. The triangle ABC, written 
as A ABC, Is the union of 
. and bC. You will recall th;it 

the union of two sets consists'cf 
all the elements of one set. . 
together with all the elements of 
the other set. In this case, we Figure • 8 

have -he union of three sets. The union of AB, Ic, and BC 
consists of all the elements of the three sets taken together. 

The triangle ABC ^is the set of points consisting of A, 
B, and C,^and all points of AB between A and B, all - 
points, of AC between A and C, and all points of BC 
between B ^nd C, The points A, B, and C are the 
^ vertices of A ^C. We say "vertices" when we talk about 
* more than- one vertex. 

Angles of a Triangle 

Do you see that the sides of a triangl- are contained in 
the -triangle? This fs true because the sides of a triangle 
are segments. 

Are the angles of a triangle contained in the triangle? 
No J ^n the figure /_ RST io the union 
of ^ SR and S?. As you can see the ^ 
angle extends beyond the sides of the 
triangle. ' 




one 



' ' . . * Pigurej 

Note that a triangle is a set of points^n exactly 
plane, ^ 

Every point of the .triangle RST is in the plane RST. 

n^^i'o^'^/^!^ ^ separates the plane in which 

it lies? It does. 
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The A RST has an Interior and an exterior. The 
interior Is the. i/ntersectlon of 'the Interiors of the three 
angles of the triangle. The exterior Is the set of all 
points of plane RST not on A RST or In the Interior of 
A RST. 



1. 



2. 



3* 



4. 



Exercises 7"3c 

Label three points A, B, and C not all on the same ^ 
line. Draw tc, and BC. 

a. Shade the C-slde of AB, Shade the A-slde of EC. 
What set Is now doubly shaded? 

b. Shade the B-slde of AC. What set Is now triply ^ 
shaded? . ' 

Label three points. X, Y, and Z not All on the same / 
line. . ; . / 

a. Draw ^ Z. XYZ and , XZY. Are they different / 
angles? Why? 

b. Draw Z YXZ. Is this angle different from both 

of the other two you have drawn? ' ' 

c. Each angle Is a se-^, of points In exactly one plane. 
Why Is this true? 

Draw a triangle ABC. 

a. In the . triangle, what Is JlB P) AC ? 

b. Does the triangle contain any rays or 'half-lines? 
Why? • ' ' - • • - 

c. In the drawing extend AB In both directions to x?btaln 

What .Is ABntB? . ' 

d. What Is AB (71 A ABC? 

e. What Is - AB U AP"? 
In Figure 10 

a. What is Wfl A ABC? 

b. Name* the four triangles 
m the figure. 

c. Which of the labeled 
points, If ahy, are In 

the Interior of any of 
the trlafrgles? 
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Figure 10-" 



d. Vfhich of the labeled points, if any, are in the 
extertpr of any of the triangles? 

e. Name a point oh t'n^ game side of . WY as C anc' 
one on the opposite side. ^ 

On your paper, make a cppy of Figure 10. 
snMlllllabel a point P not in the interior 'x ^ny of the 
triangles. 

b. Label a point Q inside two of the triangles . 

c. If possible, label a point R in the interior of 

A ABC, but not in the interior of any other of the 
triangles. ^ .^ * 

If possible, make s'ketjches ' in which the intersectlo\i of a 
line and a triangle is: 

a. The empty set- , . 

b. A ser of one element - ^ 

c. A set of two elements 

d. A set. of exactly three elements 

e. A line segment. 

If possible, make sketches in which the intersection of 
two triangles is: ^. . 

a. The empty set ^ f. Exactly five points 

b. Exactly one point g. A line segment 

* c. Exactly two points h. Two line segments 

d. Exactly three points i. Three line segments 

e. Exactly four points 

In Figure 11, what are the' following:. 

a. /. ABCD hC^. 

b. ' 'A ABCD^ \ / ■' 



g. 
h. 



f . 



e. 



c. 



/ ^ n L ACB 

^ n 4: 

Wf] A ABC 
B? n ACB 
J Z ABC n ' A ABC 




Fi,'gure 11 
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♦9ifu In_ a plane if two triangles have' a common side must their ' 
interiors intersect? If three triangles have a common side/ 
must some two of their interiors intersect? Make drawings 
to explain your answers. 

10. BRAINBUSTER: Draw L ABC. LabeVpoints X^ and Y in 
the interior and P and Q in the exterior. 

a. Must every goint of XY be in the intpr'ior? 

b. Is every point of PQ in the exterior? 

c. Can you find points R and S in the exterior so 
that RS n L ABC is empty? ' 

d. Can XP n Z. ABC be empty? 



♦7-4. One -to- One Correspondence . (Optional) 

In the first part of Chapter 5 we studied about one-to-one 
correspondence. We learned that early man kept a record of the 
number of sheep in his flock as follows: For each sheep he put a 
stone in a pile. In order to make sure that no sheep were missing 
he took a stone out of the pile as each sheep went into the pen. 
If there were no stones left in the pile when the last sheep was 
in the pen ye, knew that no sheep were missing! This process of 
matching ea^..! member of one set with a member of another set is 
an example of one-to-one correspondence. 

Let us consider other examples of one-to-one correspondence, 
or matching, ^en Mrs. Barber served tea she put a set of 
saucers on the table, one for each guest. 'Susan Barber then 
placed a cup on each' saucer. Thus, there was a one-to-one 
correspondence between the set of saucers and the set of cups ' 
on the table . 

At the start of a major league baseball game nine players ra^n 
onto the field and cook their positions. There was a one-to-one 
correspondence between the set of players and the set of 
positions . ^ , . * " 

Let U be the set of human i}oses in your classroom'. 
Let V be the set of humans in your classroom, v 
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Is there a one-to-one oorrespondenc '' etwf^en • U and V? For 
each nose is there a matching human? For each human is -there 
a matching nos^e? 

In showing 'that two sets X and Y are in one-to-one 
correspondence we must show vhat: 

a. For each element in X there is a corresponding 
element in Y. 

and ^ 

b. Each '^ilement in Y corresponds to a given element 
In X. ' 

Let us see how a one-to-one correspondence is used in geoi etry. 

-Follow the directions. ^.Answer the questions as you 
go along. . ^ . 

' Exercises 7-4a 
(Class Discussion^ 

1. Draw a line and- label it yf 

2. Locate a point above line and labej^ it P. 

3. Locate a point on line and label it A. 

< — > , 

4. Draw PA; 

a. Does PA intersect line 

b. How many elements 'are there in the^ intersection set 
of. PA and ? 

5. Locate a second poim: on line >f and label it B.- 

6. Draw PB. 

a. Does ^ intersect / ? 

b. How many elements are in the intersection set of 



PB and £ ? 



7. Locate a third point C on line 



8. Draw PC. ' 

a . Does ^YZ intersec^ ^ ? 

b. How many elements are "in the intersection set of. 
Ipc" and J ? 
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9. " a» Is it possible to locate more points on J ? 
• b. Through each additional point marked on can 

you draw a line that al6o -passes through point P? 
10. Let all lines which intersect ^ and pass through P 
be elements of a set called K. 

a. HoW. m^ny elements of K have been drawn so far? 

b. How many poirft^s have b^en 'located on line £ so; far? 

c. Is there point on £ , for each element of K 
drawn so far? » . " 

' d. Is there an element of K for each point located 
•-, ■ on ./ 7 ^ . ^ " ■ •. • 

e. Can you match '^one-td-one" the elements of K and 
the points located so' far? ^ . 
. f. Do you think that if mor;e points were located on 
^ and more elements of K were drawn that a 
one-to-one correspondence between the sets could 
be shown? ^ \ 

Supply the missing words: ' ~ 
To a line through P and intersecting there/ 

corresponds a _^ cn £ , and to a 

on ^ there corresponds a through P 

and intersecting . ^ , 

Have you found that there is a one-to-one correspondence 
Ijetween the set K of lines and th^*set of points? 



* Exercises 7-^b 

Each desk in a classroom" is' assigned to a pupil, 

a. When all pupils are present^ is there a one-to-one 
correspondence between the pupils and desks in the 
classroom? 

b. Is therr always a one-to-one corr&^pondence betv;een 
the pupils and desks in a classroom? Explain your 
answer, ' 
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If you have a full set cJ fingers (including thumbs): 

a. Is there a one-to-one correspondence between the 
.fingers on your left hand and the fingers op your 

right hand? 

b. Copy and complete: For each finger on my left 
Jiand.^there is a finger on my ^ 




Two basketball tsams are playing on a court. Shoy that 
.there is' a one-to-one correspondence between the members 
of one team and the members of the other team. 

In the triangle ABC show ^ 
that there is a one-to-one 
correspondence between points 
A, B, and C and the sides 
opposite these points. 

Draw a circle as shown at t^e right. 
Label a point X in the' 
interior cff! the circle. Let 
R be the set of all rays 
hg^ring X as an endpoint. 

understand that the 
/ele'nents of R are in the 
same pj.ane as the circle, 
^►raw^several rays of set 
R. Copy and complete the following: 

a. For eVery point of the circle there is 
ray of set R cutting the circle. 

b. For every ray of set R, there is 




c. 



in which the ray cuts the circle. 

Is 'ther^e a one-to-one correspondence between 
set R and the circle? 
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6. In the diagram below, Z XYZ is an angle, Y?, 

YTj"^ and YZ are elements of set K. Set K is .th| 
set of all the rays through Y which do not contain 
. points in the exterior of ^ XYZ, 
"nE* and are segments 

Joining points on YZ with 

points on yST. X^.^^^ 
a* Show that t^ere is a — 

one-to-one correspondence Y <Cl^yg ► 

between K and dE. ^^"^"^"""--^ \ ^ 

b. Show that there is a ^Z^""^ 

one-to-one correspondence 

between K and XZ . . 
. c. Show that there is a 

one-to-one correspondence 

between "S^ and )fz. 

*?• Show that there is a one-to-one correspondence between'^the 
set of even whole numbers and the set of odd whole numbers 

*8. Show that there is a one-to-one correspondence between the 
set of even whole numbers and the set of whole numbers. 



7-5* Simple Closed Curves . 

In riewspapers and magazines you often see graphs like 
those in Figures 1 and 2'. \ 




These graphs represent curves. We shall consider curves 
to be special ovpes of sets of points. Sometimes, paths 
that wander around in space are thought of. as curves. 
But in this section we shall consider only curves that are 
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in one plane. Such curves may be drawn on a chalkboard 

or on a sheet of paper. 

A curve is a set of points which can be represented 

by .a^encil drawing without lifting the pencil off the paper. ' 
^Segments and triangles are examples of curves we have already ' 

studied^ Curves; may or may not contain portions that are 
• straight . 

One Important type of curve Is cabled a broken-line curve. 
It is the, union of several* line segments. That is, it consists 
of all the points on several line segments. Figure 1 
represents a broken-line curve.' A, B, C and D are marked 
as points on the curve. We also say that the curve contai ns 
or „ pas8e3 through these points. Figure. 2 also represents 
a curve. In Figure 2 .points P, Q and R are marked 
Qn the .urve. Of course, we think of. the curve as containing 
many points other than P, and R, ^ 

A curve is said to be a simple closed c urve if: 

the drawing starts and stops at the same point, 
b. no other point is touched twice by the pencil mark. . 

Figures 3, ' 4, 5, and 6 are examples of simple 
closed curves. 





Figure 3 



Figure 4 



Figure 5 



Figure 6 

Figures 3aj 4a, 5a, and 6a are examples of 
curves which are not simple closed cuj.'ves. 





Figure 3a 



Figure 4a 




Fllgure 5a 



Figure 6a 
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Plg\j/re 7 represents two simple closed curves. 




Figure 7 

ThT^boundary of a state like Iowa or Utah on an ordinary 

map represents a simple closed curve, A fence which extends 

J' 

all the. way ardund a cor'kfield or a city park suggests' a simple 
closed curve. ' 

You can see th,at a simple closed curve has. an interior and 
an exterior. Also, any line or curve containing a. point in' the 
interior and a point In the exterior mupt intersect the closed 
curve . ' 



EXTERIOR 




Figure 6 

In Figure 8, P is in the interior- of the closed curve 
and B is in the exterior of the closed curve. The dotted' 
line which contains p and Q .must cut the curve. 



EXTERiOR 




Figure 9 

In Figure 9, A is in the interior of the closed curve and 
B is in the exterior of the closed curve. The dotted curv^ 
which contains A and B must cut the curve. 1 
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Any two points In the interior oi ny two points In the 
exterior of a simple, closed curve may bv joined by a broken-llne 
curve which does not Intersect the simple closed curve. 




Figure 10 ' 
.In Figure 10, R' and ' S are points In the Interior of a 
simple closed curve. R and S are Joined by a broken-llne 
cQrve (dotted line); which does not Intersect the simple closed 
curve, ». 




/ 



• ' Figure 11 y 

In Figure -11, L and M are points In the In^/erlor^of a 
simple closed curve. L and M are Joined by a broicen-llne 
curve (dotted line) which does not . Intersect the simple closed 
curve. ' . " 

We call the Interior of a simple closed curve a rep;lon . 
We call the Interior of a simple closed curve ^together 
with its boundary a . closed region . 



Closed_Remon( Interior and Boundary) 
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1. 



3. 



4. 



Exercises 7-5 

Draw the simple closed curves described below: 

a. ' one which^ Is the union of • four segments . 

b. one which is the ur^ion of five segments. 
yC. one which is -the union of three segments. 



Draw a figure representing two simple closed curves whose 
intersection is exactly two points. 



C, 



In the figure at the right, 
the two-->simple closed curves 
are repres>ented as and C^. 

a. Make a jcopy of this figure. 

b. - Shade jihe exterior of 

with-J^'-^rizontal lines. 

c. Shade the interior of 
with vertical lines. 

d. .-Ujing the word "intersection" . 

describe in words the portion 
of the plane -that is doubly 
shaded. ■ 

e. Describe the portion of , the 

y plane that is singly shaded. ^ ^ ' 

Look at a map of the United States. 

a. Does the boundary of Colorado represent a simple closed 
curve? 

b. Does the boundary af Arizona represent a simple closed 
curve? 

0. Does the union of the boundaries of Cplorado and 
Arizona represent a simple closed curve? Why? 
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closed ourve J are shown 
in the figure at the right. 

a. What is J f) / • 

b. . Draw a similar f^igure and 

shade the intersection of 
the interior of ' J and 
the C-side of ^ . 

c. Desci^ibe ^in terms of rays q 
the set of points on \ . 

/ not In the intericr of J. 

^6. 'BRAINBUSTER. Draw two simple closed curves whose 
interiors intersect in three different regions. 

7. BRAINBUSTER. Think of X and Y as bugs which- can 

crawl anywhere on a floor. (a) Dra\y a picture showing 
a curve which could aerve as a fence to separate X 
from Y, (b) Draw ano-cher picture in which it .Is hard 
to tell whether the cArv '-;oparates X from Y. 




7-6, Summary . 

I i.ny of the practical uses of geometry are based upon the 
angle ard the triangle. In order to work with the angle and 
the t -.'i.^.e we will need to understand the meaning of segment, 
'I'ay, :r\:] -TJion of sets. 

h. seg^ment is a part of a line together with its endpoints. 

A ray is a j^alJ-Hne together with its endpoint. 

• > If every member, of a certain 'set i3 also a member pf^ 
{or contained in) a' second oet, thefir^t set is called 
a s T?.bset of- the second* 

The unio n of two sets is a set consisting of all the 
elements Ox the first set together v/ith all the elements of 
the second set. * 

Using these ideas we can now explain tne meaning of 
angle and triangle. 
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endpolnt in common and both rays not on the same straight line. 

The triangle ABC, written A AEC, is the union of TCB, 
TC, and provided that A, B, and C are not on the ' 

^ same straight line. 

A half -line is a ray withdut Its endpoint, 

A region is a set of points ir he interior of a simple 
closed curve. 



The following ideas are useful in mathematics: 
Separation v 

In this chapter, the following three kinds of 
separation are considered: 

1. Any plane separates space into two half -spaces, 

2. Any line of a plane separates the plane In^ 
two ha 1-^-p lanes . 

3. Any point of a line separates the line into 
two half-lines . 

One -To -One Correspondence 

Two sets can be shown to be in one-to-one 
correspondence if: 

a. Each element of the first set can be matched 
with an element of the second set, and 

b, . Each element o»^ the second set is matched ■ 

witr: a given element of the first set/ ' 

Simple Closed Curve 

A curve is i^ald to te a simple closed curve ^if it 
can' be dra'.*:ri : | 

„ So that It starts and stops at the same boint . 

■ 1 

b. iiO other point is touched twice- by the jDencil 

1 

.> mark, 1 



2n^ 



Chapter Review , 



Exercises 7-7 

Draw a vertical line. lab.el four 
points on It' R, S, T, U 
(as shown). Name t 3: 

a. Whose endpolnts are • S. 

b. Whose union Is the line. 

c. Whose union Is 'not the line • 
but contains R, T, 

and U. 

d. Whose unjon does not contain 

e. Whose Intersection Ip a point. 

f. WN^je Intersectlor* Is empty. 

^ — ^ 

Name ten subsets of RO. 

In the drawing at the right 

a. Explain the dirferenq^ 
' between AD and AD,^ 

b. .^Explain the difference 

between AB and AB^ 

c. What. Is the Intersection 
of ' AD and *CD? 

In the figure at the rl^ht 



a. 
b. 
c . 
d. 



What Is 
What is 
What is 
What is 



AB n AC? 
^ 

EC U/CDj? 



BD^ 



AB n DE': 



/ 



7. 



8. 



Draw a horizontal line. Label four points on It P, Q, 
R, and S In that order from left to right. Name two 
segments 

a. Whose Intersect.! Is a segment, 

b. Whose Intersection Is a point, 

c. Whose Intersection Is empty, " 
.d. Whose union Is not a segment. 



6. If R = (1, 

And S = (4, 
Write 

^ a, R n S 

b, R U S 



3, 
7, 



5, 7, 
10) 



10) 



In the figure at the right 
a. Name a point on the 
B-side of 

Name a point on the 
P-slde of "b?. 
What Is AC n BD? 
What Is 1^ n D5"? 
What Is W y 
What Is EE U EG? X 



b. 

c , 
d, 
e , 
f , 




Explain how each of the following may be used- as an 
e5:ample of a separation, 

a. The plane of a shelf In ^ 
a bookcase.. 

b. ' The left sideline on a 

t^asketball court , 

c. The plane of a store 
window, 

d. Point P, 




t 



9. l^raw A ABC. 

a. Name the angle in the 
triangle whose vertex is B. 

b. What is "SB n ^? 

c. Are the s.ides of the 
triangle rays, half -lines, 
or segments? 

^d. In the drawing, extend *SH 
' in both directions to obtain 
What is AB I . AB? 
What is AB n A ABC? 



10. 



11. 




e. 



In the Tlgurex^at the right 

a. ^? / 

b . M U ? 

" c . A EEC n 

d. £lt U '^Id? 
e . Td n BC ? 

In the diagram at the right. 

a. Point Q separatees 

b. C is on the - 

< — > 
of PR. 

c . QB U QS is 

rt. . is 

e. ■ Z CBA n PR is 



\ 

, w^at ii 



side 





12. In Che figure at the right, 
the two simjyle closed curves 
are represented by C.^ ■ and 

a. Make copy of this figure, 

b. Shade the exterior of 
v^'ith vertical liner: . 



Shade the inferior o: 




with horizontal lines. ^ 

.Using the' symb'ol for Intersection indicate the region 
that is doubly shaded. 
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13. 



14. 



15. 



S Is the set of states In the United States. '^ 
C Is the 3et of state capitals in the United States. 
Describe a one-to-one correspondence between set C 
and set S, 

In the figure at the right, 
J is a simple closed curve. 
What is 
a. S2 fl F^? 

J n A?'? 

A point outride J? 
AC \J AR? 
\J BC? 

By drawing lines through 
point Z (like RS) show 
how to set up a one-to-one 
correspondence between the 
set of points on and 
the set of points on WV, 




7-8. Curr.ulative Review , 

Exercises ' 7-9 

Tell if statements 1-8 are True or False, 
r. The numeral for ^'seven" would look the s^e written 
in base seven or base ten. 

2. 0 0 is meaningless.' 

3. The numeral following 33^ is 100 

^ ,four , four 

4. Some- odd numbers are divisible by ".wo^ ' * 

S.. The difference between any two prir:e .numtJers greater 
than 5 i's alv/ays an even number* • ' 

6. A set is clor^ed under addition 'if the sum of any two 
elements is an eleme;.': of the set. 

7. A co»-mnon denominator of "two fractions does not have to 
be a multiple of the denominators of both of the given 
f Inactions. 



267 



^ J 



\ 



r 



/ 



8. 

9. 

10. 



11, 



12. 



If a line contains tv/o different points of a plane, . 
it lies in the plane. 

3140^^^^^ is how many times as large as ^^^eight*^ 



Find a whole number which ,can be used for 

the following true: \ 

a. 7 + X = 15 

b. l+x=^+l 

c. X = 0 r- 3 



In the figure at the right 

a. What is GJ Pi plane DiEP? 

b. What ir GH Pi plane DEP? 

c. What is plane ACB fl plane 
DEP? 

d. What is JK fl plane DEP? 



to make 



What is HKPl plane ACB 
'2; 3, 4, 




Which of these 
factor of 
a. 60 



10 



lot 



13, Perform the indicated operations and s-imnliry 



b. 



7 



f 

^ 2 
' 3 



d. 



10 



l4. In the dia?:r^in on trie rir-hi: 

Wnat 13 plane ABC 0 2f? 
What is EG n plane ADC: 
Explain why GP and GE 
i :ine . 



\ 



ar-' in the sar.e 
r-xplain v;r,y 



Mme p lanc 



a: 



GE 



ana 




I 



Chapt*er o 

RATIONAL NUMBERS AND THE NUMBER LINE 
8-1. The Number Line . 

Do you remember how number line Is formed? You 

start with a line. """^ 



Then you seloct a point on the line v/hlch Is calu.ed "0", 



0 



Next you choose a distance which is called- a unit of ri: -tance . 

Using this unit of distance and starting at 6 you mark 
off a point to the right of 0 which is called "l". 



Starting with 1 you measure off your unit of distance , to 
find a point which is rjalled "2". 



0 I 2 

Ard so on: 



0 I 2 3 4 5 6 7 8 9 10 

The coXjntlng nuT:ber at any point shows ,how .T:any sej>;:nents 
of unit dlst^fnce are Pleasured off from 0. to the point.- Hence 
"4". indicates the point 4 unlt3 of distance from 0. 



.The number lin- r.ay be used to "plctur^e" the operations 
on the counting numbers. Suppose you v/ant to add 2+3. 



8-1 



Star" with 0 on the 
number line and mark off 2 
.uftits of distance. This Is 
Indicated by an arrow The 
head of the arrow falls on 
point 2. 

(In order to have a 
diagram which is easy to 
read place the arrows above 
the number line.) 

Next mark off an arrow 
repre'sentlng 3 and transfer 
this arrow to a position 
beginning ^t' the head of arrow 
2 and going to the right. 

The sum (2 + -3) is 
represented by an ar/ow which 
begins at 0 and ends at the 
head of the "arrow ,3". The 
"•'i of this arrow is at 3> 
the sum of 2+3. 



-2_; 



<-i 1 1 1 1 1 F ! 1 1 1— 

O'l 23 4 56789ra 



2 Sy^. 



2: 



1 1 1 1 1 1 1 1 1 

01234567e)9 10 



2 - ! 



I I I I — I I I I 1 I P 
01 2 34 56 789 10 



You can also picture a subtraction problem on tne 
number line. Remember that the tvo problems 2+3=5 and 

5 -2=3 are Just two ways of saying the same thing. For 

this reason the subtraction problem 3-2=3 should have 
same diagram as 2 + 3 = 5. 



First represent 
arrow starting at 



t. \ bi 

0.} 



by an 



Then represent 2 
arrow starting at 0. 



by an 



— \ — \ — I — \—^ — \ — \ — h-H — 
01 23456789 10 



-\ — \ — h 



3456789 10 



270, 

o ; 



8-1 



The difference (5 - 2) Is 
represented by a.n arrow starting 
at the head of '^arrow 2" and 
ending. ar. the head of "arrow 5" 



To read this number (5 - 
transfer the arrow back to 0, 
'The arrow corresponds to 3. 
Since the length of this arrow 
Is 3 units you can do "this 
step mentally. ) 



2) 



(5-2) 



h 



0^1 23456 789 10 



2 U5-2LJ 



3 V. 



I 



H 1 f- 



0 1 2 3 4 5 6 7 8 9 10 



There are other ways that subtraction can be pictured 
on the number .line but this nethcd will be very useful later on. 
Here (5 - 2) is the number which, If added to 2, gives 5. 

Notice that all the arrows In your diagrams- point to 
the right and all the numbers which tjn3y represent correspond 
to points to the right of 0 on the number line. 



Exercises 8-la 
'(Class Discussion) 

State the addition problem and tne corresponding 
subtraction problem which each diagram r^epresents. 



J L 



10 



J 1 I L 



10 



J L 



J L— I I L L 



J 1— J L 



3 4 



J L 



6 7 , 8 9 10 



J I I i I 

5 6 7 8 9 



J 

10 11 



J I I L 



J L 



■J 

10 11 



3 4 



7 8 9 



The number line can be used to multiply and divide. 
To shew the problem 3 • 4, start at 0 and mark ofx" 
thrce**Sfegments of 4 units each. The product is represented 
by the arrow from 0 to the head of the third arrow. 

4+4+4.-3.4 , 

^ \ H 



I 



I 4 I 
1 ^ ^ I 

» I ! 
-* 1 ^ 1 1 1 1 1 1 \ \ h 



0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
The corresponding division problem is 

12 + 3 = 4. 

This is ^the same as the previous multiplication problem, 
since 12 + 3 = 4 means 12 = 3 . 4. The diagrams f&r these 
two problems are the same. Here we start at 0 and draw 
the arrow of 12 units. 
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0 1 23456789 1011 12 13 14 



You want to divide this segment. into three equal parts, 
What Is the length of each of these three equal parts? It 
l8 the number 12 3. This is indicated -on the diagram. 




0 1 2 3 4 5 6 7 e 9 10 11 12 13 14 



Exercises 8-lb 

In each of the following problems draw a copy dV the number 
lime and show how to indicate the given operation, 

1. a. 3now how to find 4+3 
b. S*fc>.w how to find 7-4 

2. a. Shov/.how to find 5-2 
b. Show how to find 10+5 
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8-2. Locating; Rational Numbers on the Number Line. 

In the preceding section you repi-esented the problem 
of dividing 12 by 3 on the number line. You divided a 
segment' 12 units long into 3 segmencs of equal length. 
Can you divide 7 by 3? This presents some difficulties. 
The reason is that 7 -i- 3 is not a whole number and the 
only numbers marked on our number line are the whole numbers, 
Ygu can proceed in the same way as you did in-dividing 
12 by 3. , . 

Take a piece of ribbon (or a strip of papeiS^ 7 units 
in length. 



H !- 

3 4 
-7 units- 



1 



F^IBBON OR STRIP OF PAPER 



7 



1 



Foldjthe ribbon like this 




Into "hree pieces of eqi^al length and crease it at the folds. 
Unfold the ribbon and lay it between 0 and 7 on the 
number line. Transfer the creases onto the number line, 

X ' 



-+- 



5 


1 


2 


3 


4 


5 y6 


7 




RIBBON 


OR 


STRIP 


OF 


PAPER 



The segment from 0 to z' has been divided into three 
segments of equal length. J^bel as "x" the point where 
the first crease fell. ..^ 



27^ 
Q r 



2 



1 



-H h- 

2 X 



-I— 
5 



— I— 
6 



The letter x then denotes the lengtliof the segment from 0 
\o the point labeled "x". Each of zho thre- segments has 
length X ar.d therefore 



X = 7. 



Other ways of saying this are 



X = 7 3 



or 



X = I 

X ^. 



The point marked x Is called ^. In the same way you 
can reprf -ent other rational numbers on the number line. 

Exercises 8-^2 
(Class Discussion) 



1. 



2. 



a . 



What is the rational number x pic cured below?. 
What point corresponds to 3 * x? 



I 



2 X3 



6 



8 



10 



a. What Is the rational number x pictured below? 

b. What multiplication problem does^ the diagram show? 

c. What division^ problem does the diagram" show? 

d. What point corresponds to. 4 • x? 
I — ■ 



1 



-J 

6 
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3, State the multiplication problem and the corresponding 
division problem which each diagram represents, 
a. I ^ 



I 



' 1 i 

I I I L 



f 

! ■ > 

I I I — 

I I ^ 

j ■ i_Ljl 



6-3. Comparing Rational Numbers . 

There is another way to locate the rational numbers 
on the n-umber line. After the counting numbers are located 
on the number line, you can label other points by dividing 
each interval between each tv/o riuccessive marked points 
into halves, thirds, fourths, etc. 



-> 



I 2 3 

1 

Counting numbers are labeled, 



0 1 
-• • 



0 ±2.3.4^^ ± L 

'it 2222 22 

Multiples of -| are labeled. 



t f T 



I 2 3 
e m o • • • 



Multiples of ^ are labeled. 



0 1 2 ^^3^ 

Multiples of ^ are lab^eled. 
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8-3 



Think of thls\proces3 of dividing the line as continuing 
without end. Now put all the points together on one line 
and you have a labelj^ng of points corresponding to a set of 
numbers like this. 



0 I 2 3 

£ ± i. 2. 4 8 6 

^ « 1 t 7 1 1 

o. ±1. 5. ± ± ± 2. ± 0 

993 3 BSSS93 

44 44 4 4 4444 44 4 

(and so on. ) 

This set of numbers is the set of rational numbers. 
Each number in the set has a fraction name. Every possible 
fraction can be attached to a point by this process. Notice 
that equivalent fractions correspond to the same point. 
Each rational number corresponds to Just one point no matter 
what fraction we use to name it. 



Exercises 8"3a 
(Class Discussion ) 





1 








2 








t 




z' 




4 
1 




8 


2 

8 


9 
8 


4 

a 




B 
8 

-H 1 


• 

8 


7 
3 




-» 

± 
6 


— ! 1 

8. «. 
6 € 


— 1 1 — 

i i 

6 6 


1 

9 

6 


10 11 
6 6 


— 1— 

li 

6 


-H ! 

18 14 
6 6 


h- 

ii 
6 



O I 

T T 

1 »- 

± ± ± 

8 6 8 



On the number line above are located numbers written 
as fractions with denominator 6, These numbers have other 
names and some of these names are also shown. 
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1. 



I' 



12 

2. What is a common name for -g- ? 

1 ? 6 

3. Which of the numbers and is the greater? 

4. Which of the numbers ^ and -| lies farther tc 



right on the number line? 

Which of the numbers ^ c 
right on the number line? 



1 2 

5. Which of the numbers and lies farther to the 



1 2 

6, a. Which is the greater number or -g? 

1 2 

b. Compare and using the symbol < 
10 

"5~ b 

10 

the right on the number line? 



10 g 

7. a. Compare -g- and -g- using the symbol < 

, b. Which of the numbers and ^ lies farther to 



. 8. If two fractions have the same denominator how can 
you tell which represents the greater number? 

9. If two different numbers are located on the number 
line how can you tell which is the greater number? 



Two very important facts about comparison of numbers are: 

1. ir two different fractions have the same denominator, 
then the fraction with the larger numerator represent 
the greater number. 

2. Of the different numbers on the number line, the 
number farther to the r^^n;ht is the greater number. 

One of the most important properties of the number line 
is that it preserves the order of §he rational numbers. That 
is, the rational nur^bers are arranged on the number line 
from left to right in order of increasing size. 
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Exercises 8^3h 
(Class Discussion) 

1. Supply the correct symbol, ^ or <, in each statement 
below. 

Example: ? 
Solution: 3^ < 

^- 6 ' ^ 7 ' 7 19 ? 15 

y, 11 o 11 pi-.9iL ^13 ^14 

^- 3 • ~ 12 • 12 2? • 2? 



2. Certain rational numbers are indicated on the number 
line . 

. ' * ^ 1 ! \ ^ 



t 



Supply the correct symbol , <C or in the statements 

below and give reasons for your answers. 

Example: q ^ r since q is to the right of r 
on the number line. 

a. q?r d. s?u g. u?r 

b. p?s e.s?q h.r?t 

c. t?q f. p?t i. u?p 

3 ^ 

Which is the greater number *2 °^ "J^ These rational 
numbers are expressed as fractions with different denominators^ 
and so far you have only compared numbers expressed as fractions 
with the same denominator. 
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If you look back at the diagram for Exercises 8— 3a, 
you see that Is another name for and "-j" is 



another name for 



1 _ 9 ^ _ 10 

2 ~ b 3 " T 



•"•ince you already know 



< T 



3 6 

then "2 ^ d • 

. In order to compare ^ and ^ you express the two 
rational numbers as fractions with the same denominator 
and then compare these fractions , 

5 2 

Consider another example. Compare ^ and -j. How 
do you proceed? Try to express these as fractions 
with the same denominator. To do this, look for a common 
denominator for j and ^. That' Is, look for a common 
multiple of 7 and 3. A multiple of 7 and 3 Is 21 
Pin 
21. 



Find equivalent fractions for ^ and j with denominator 



^ ^ ^ . 3 ^ 

7 7 3 21 

3 "** 1 ' 7 21 



Since 15 ^ 1^ then |i ,^ or > |. 



Exercises 8— 3c 

1. Compare the following pairs of rational numbers by 
expressing each pair as fraction.^ with the sam.e 
denominator: 

a. |, I 

b. |, I 





21 


10 


c. 


22' 


11 




13 


i 


d. 


12' 
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2. Locate the pairs of numbers in Problem 1 on the number 
line, by estimating their relative positions, 

— t ' \ : 1 \ 

O.I 2 3 

3 

3. Store A sold candy at 50^ for -jf of a pound. Store 
B sold candy at 50^ for of a pound. At which 
store is the candy cheaper? 

4. It costs $35^000 a mile to build a road. The state 

3 4 
will pay -j^ of the cost, the county will pay of 

the cost and the town will pay the rest. Will the 

state or the county pay more of the total cost of the 

road? 



Now that you have a method for comparing two rational 
numbers, try to compare 

a J c 
^ and g. . 

Your first step is to find a common denominator foi^ these two 
fractions. Since b • d is a multiple of both b and d 

a c 

The numbers ^ and are expressed as fractions with the same 
denominator. Now you compare the numerators of these fractions, 
a • d and b • c. The three possibilities are expressed below: 

Comparison Property : If a, b, c and d are v/hole numbers 
with b and d different from 0, then 

1. I < J if a ; d < b ■ c 

2. |>Jifa.d>b.c 
5. 1 = 1 if a • d = b • c 



281 

lo2 



8-3 



Example I. Use this property to compare ^ and 
Let a = 3, t) = 2, 0=^5. d = 3. Then 



1 = I and f - |. 

Now a - d - 3 . 3 = 9 and b • c = 2 • 5 = 10. 

Since 9 < 10 or a • d < b • c, the property says that 

a > c 3/5 

b < d °^ 2 < 3- 

Q 6 

Example Compare *^ and -pj- 



Here 

21 d = ITT 



a 9 , c 6 

T- = and -T = -r-r: 



a • d = 9 ' 1^ = 126; b • c = 21 • 6 = 126 

Then a • d = b • c and therefore 

at _ £ 9 _ 6 

b d °^ 21 " TT ' 



Exercises &— 3d 

Using the Comparison Property, supply the correct symbol 

<, or = between the given pairs of numbers. Arrange 
your work as shown in the example, 

:y T 3 o 10 

Example: If 13" 

Solution: 3 • 13 = 39, 4 • 10 = 40, 39 < 40 so that |- < 
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^- 11 • 7- T9 • ? ^3. ? 3. 19. ? _^ 



2, ^ ? ^ 8. ? I 14. -J ? I 20. -2? 

3iO,_8. 9J_,1 1512?! 21^"-^ 
^' 15 * 12 17 ■ 5 11 4 15 * 10 



4. 


1^ 


10 
IJ 


10. 




1 


16. 


14 , 31 
5 • 11 


22. 


11 
7 


9 8 •• 
• 5 


^ • 




9 18 
• 5 


11. 


1 9 
3 • 




17. 


B • 20 


23. 


6 


9 ^ 
■ 15 


6. 


3 9 
7 • 


12 


12. 


^ 


6 
9 


18. 


2 , 1 
9 • 5 


24. 


8 




*25. 


a. 


On 


the number 


line 


below 


locate 


3 i 

2' 3' 


5 


and the 



reciprocals of these numbers. (Do this very roughly 
but be sure the order of the numbers is correct.) 



-+- 



Replac." the question marks by the correct symbol 

< or >. 

3,4 2,3 2,^ 5 q 

2-3 3-7 3*9 

. i 9 ^ 3 , ^ 
3-5 ^ • 9 

Prom Part (b) above replace "?" in the general 
statement about reciprocals r with the correct symbol, 

< or ^• 
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8-4. Mixed Numbers . 



If the numerator and denominator of a fracJ:ion are the 
same, as in -g, then the fraction is a numeral for 1. 




If the numerator is less than the denominator, as in -g, 
then the fraction represents a number which is less than 1. 




If the numerator is greater than the denominator, as in -g, 
then the fraction represents a number greater than 1. 

Fractions in which the numerator is less than the 
denominator are commonly called proper fractions . Fractions 
in which the numerator is either greater than or equal to ■ 
the denominator are called improper fractions. Unfortunately, 
the name "improper" seems to suggest that there is something 
wrong with this sort of fraction. This is not really the case. 
These fractions are Just as good as any other fractions. You 
should notice that proper fractions are names for numbers 
which are less than 1/ while improper fractions are names 
for numbers which are either equal to 1 or greater than 1. 
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Exercises 8-4a 
(Class Discussion) 

1. Tell In each case whether the given fraction Is proper 
or Improper . 



a. 


I 

5 


f . 


2^ 

7 


k. 


34 
3l 


b. 


19 
iH 


g- 


I 

2 


1. 


2 

9 


c . 


' 3 


h. 


4 
9 


m. 


2 
2 


d. 


6 

2 


i. 


1 


n . 


2 

5 


e. 


8 
¥ 


J. 


33 
3¥ 


o . 


4 



Certain numbers are located on the number line, 
i \ — H h— 1 ^ 



Tell which of these numbers will Have names that are 
proper fractions and wh|ch will have names that are 
Improper fractions'. 



Every Improper fraction 



can be expressed either as a 



T/hole number or as the sum cvf a whole number and a proper 
fraction. ^ Both of these possibilities are Illustrated by 
these examples 



^ - 12 ^ 1 ^ 1 



It is customary to use the expression 

1 • 

( 
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/ 



as a short way of writing 



Similarly 

4 = 3 -f f 13| = 13 -f |. 

Such expressions as 

4' ^' 

are commonly called mixed numbers . This is a very bad name 
because it is not the numbers which are mixed, but the numerals 
We know that 

I 13 

but we do not say that' is a mixed number. When we talk 
about mixed numbers wel are talking about the things we write. 
But we do not write numbers, we -ite numerals. We see that, 
it might be better to refer to expressions like 

2^, 3^. laf 

as "mixed numerals" rather than "mixed numbers". . But we shall 
speak of "mixed numbers" because this expression is the one 
commonly used, 

\ 

It is often convenient to express rational numbers as 
mixed numbers rather than as improper fractions. This is 

particularly true when making measurements. For example we 

• 3 — 

could say that a soda straw is 8^ inches long or we could 

\ 6t 3 St 

say that 'it is -g^ inches long. The numbers 8^ and 
are the same.- But when we say that the straw is 8^ inches 
long we have a clearer idea of how long it is. We know at 
once that it is more than 8 and less than 9 inches long. 
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10? 



8U 



We can place this number on the fiumber line more quickly when 
it is expressed as 8^ , 



-I 1 — 5 ! r- 

2 3 4 5- 



8 



If a woman reading a recipe found-that- a cake required 

IQ 

cups of flour what should she do? She might take 19 cups 
of flour and split this quantity of flour into 8 equal parts. 
Or she might measure out ^ cup of flour 19 times. In the 
first case she was thinking 



^ . 19 . 8. 



In^ the second case she was thinking 



lo 1 



Both of these methods are correct but neither is convenient. 

If the recipe called for 2^ cups of flour (the same amount 

of flour as above), the woman would probably do the sensible 

3 

thing. She would measure 2 cups and then measure cup 
of flour. 

To express an improper fraction as a mixed number you 
may proceed as follows: 



The idea is to find the largest multiple of the denominator 
which is less than the numerator. In. this case v/e saw that 
12 was the largest multiple of 6 which is less than 1?. 
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Another way is to divide 17 by 6. " 

12 We say the quotient is 2 . and 

. c ■ • 

-the remainder is 5. This means 
' 17 = 2 • $ + 5 

£xerci^es/8-^b ' 



Copy the number line as shown belov/. 



, — r- 

0 




1 H- 

I '2 

t 




— 1 

3 


h- 

4 


\ 

5 


Locate 


on the numbex'' 


line . 












e 


14 
• X 




1 . 




^ b. 


■4 


f 


11 
• 3" 




J • 




c . 




e 


I 




k. 




d. 


4 


h 






1. 




2. Find two cor^secutlve whole 


numbers . between 


•which' each 


of 


the 'Following numbers Is 


.locked. 


Use 


the. symbol 




< in 


your answer. 











(PoEL^example: ^-1^ = 2^ so_ 2'< -^O.) 
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a 1 






f . 


81 






b. 






g. 


111 
11 






c. I 






*" . h. 


33 
5- 






d. I? 






!■. 


84 






e. ^ 






J. 








Express 


the following 


Improper fractions as 


mixed 


a- ^ 


e . 


27 
7 


1. 




m. 


409 


b. y 


f . 


42 
5 


j. 




n. 


956 
222 


c ^ 
c. 2 


g. 




k. 


222 
2 1 


a. 


356 
209 


d. 1 


h. 




1. 


395 
151 


p. 


555 

■ 77 ■ 



Suppose a rational number is expressed as a mixed number 
and you wish to express it instead as an improper fraction. 
You proceed as in the following example. 

Express 6^ as an improper fraction. 

Addition problems with mixed numbers can be done in 
several ways . 

Example 1-. ^ + ^ = (6 + + (4 + 

= (6 + 4) + (i + 1) 

. ■ = 10 (3 4- |) 

= 10 + ^ 

- 
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Notice we have used the commutative and associative 
properties of addition to regroup the "whole number parts" 
and the "fraction parts" of our mixed numbers. We add these 
separately and then combine them. 

Sometimes the sum of the fraction parts is greater than 1, 
Then another step is necessary. 

gxample 2: 2| 4| = (2 + 4) + (| + |) := 6 + (-2^ 

-■(6 + 1) +^.7^ 
The work is sometimes arranged like this: 

± - ^ 



Example 3^ 

When we subtract, this same way of arranging our work 
is convenient. 

u2 __ ).10 
^ 115 



Example 4^: 

Sometimes in subtraction problems it is necessary 
to regroup. Consider 

5. 7 



2Q0 



W4>^arrange our work like this: 



4 - ^ 



^ - € 



l4 2*5 

Now we see that ^ < so that we cannot subtract as things 
stand now. We could express both ^ and 2^ as improper 
fractions and subtract. Or we can proceed as follows: 

T T ^ 

/first regroup /then express^ /and finally combine^ 



/first regroup \ /then express \ / 
V 4 as 3 + 1/ \ 1 as II / \ 



the last two terms 



I 2 4g 
Now we have: . 4-?- = 3-^. 

A. = jIL 

35 

It may be convenient to express the mixed numbers as 
improper fractions before performing the operations. 



3 
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jLxercises u— tc 






Find the 
(by eye) 


given mixed numbers on the number 


line 


below. 


a. 2| 
1 '■ 


b. 3| c. 4| d. 2| e. 
1 1 1 




f. 4 


0 


12 3 


< 

4 


1 

5 


Express the following mixed numbers as improper 


fractions 


a. l|- 


e. 4| i. 8| m. 


i 




b. 2| 


f. 3| J. 10| n. 


14 




c. 3| 


g. 4I k. ^ 0. 






d. 2| 


h. 6| 1. ll| ^ p. 


19^=5 





3. V Perform the indicated operations. 



a. 1^ + 




e. 






i. 




b. 2| + 


3i 


f . 






J. 


=S 


c. 3j + 




' g. 


4- 




k. 


4^ - 2^ 

9 ^3 


d. 4| - 


4 


h. 




4 


1. 


14 - 6g 



4. Max had 10 cups of lemonade for a party. He found 

3 pitchers. One held 2^ cups, one 3^ cups, and the 

largest one, 4^ cups. Did the pitchers hold all the 
lemonade? 



2q2 

7 1 o 

-L ^ ij 



5. "How far did a group of boys hike on a four day trip, 
if the distances hiked on the separate days were 

miles, 7^ miles, 5^ ' miles, 6^. miles? 

*6. ., A painter used 2^ gallons of white, 1 quart of green, 
"•'':;and 1 pint of Dlue to mix some paint. How many gallons 
Of paint did he have in the mixture? 

In other cases, particularly in multiplication and 
division problems it is better to express numbers as improper 
fractions rather than as mixed numbers. You should be familiar 
with both ways of expressing numbers and be able to switch 
from one way to the other. 

ExamnlP T hi . ol ^ ll 11 - 1^ ' 13 _ lS2 _ . ^ 

\ ^ - ■ ■ 



\ 



Exercises 8-4d 



Perform the indicated operations. 

a. 4 . 3i d. 6f . 4 g. ^ . 4 

b. 3 . , e. 4 • 8| , \^' /4 
0. ^ 3f 1 . - llf . • i. ^ . 



For a school play lo costumes'Care needed. Each 
requires 24 yards of material. The teacher was able 
to buy part of a'' bolt which contained 39^ yards of 
material. 

,a. Did the teacher get enough material? 

b. What is the ' difference between the amount 
needed and ti-ie amount purchased? . 
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8-5 . 

3, . A delivery clerk is allowed 7^ per mile for the use 

of his car. How much is he paid if he travels 40^ miles? 

3 

4* A secretary typed for 6 hours. She finished -jj- of 

her work. How long will it take her to do the whole Job? 

5. A housewife made 7 Jars of Jelly from of a crate 
of berrieiF». ^ How many Jars can she make from the whole 
crate? . 

6. In the city where Jim lives there are 12 blocks to 
the mile. It is 9 blocks from his home to school. 
How many miles does he walk in going to and returning 
from school? 



8-5. Complex Fractions . 

You will often see expressions called complex fractions 
which look like this 



3 



2 . 

7 ' " 

(Notice that the middle line is longer than the .other two lines.) 
This is a numeral in v;hich the numerator and denorrinator are 
fractions; What (foes this mean? Remember that when a and b 
are whole numbers than ; 

b 

stands for the result of dividing a by b. That is 

f =a^b. 
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In tKe same way when a and b are fractions, we agree 



a 

means a 4- b. So 

'■3 ^2 
— 2 — means y 

7 

In our definition of a fraction we now Include expressions 
a 

of the form -j^ where a and b may be rational numbers 
Instead of just counting numbers. Some examples of fraction^ 
are: 

1-i 

^ - 2 , 0.1b . 1.^ 



2 2 lOU 7 . 5 

5 3 



The main problem with complex fractions Is to learn to 
express them as fractions where the numerator and denominator 
are whole numb^'rs . You are able to do this because you know 
the rational numbers are closed under division. 

Simplify: 3 , 

2 



■ 7 



■4. 



2 3 ■ 7 
7 



2 3-2 6 



The same method applies to fpactlons like - — ^ 

-■ 3 



^ . ^ ^ 2 ^ - . 3 ^ 1^ 

2 3 1 2 2 



• . 3 

Complex fractions In which the nxjmerator Is 1 are 
particularly interesting. For example 



= 1 ^ ^ = 1 



6 6 



5 " " • 6 " 5 5 
5 



And '-^ is the .reciprocal of -g 

2q5 



llG 



8-5 



In the same way^ if a and b are different from 0 
we have 




And — is the reciprocal of ^. 
a D 

In Chapter 6, we saw that if x is a counting niomber 
then is the reciprocal of x. Now we see that if x is 

any rational number (except O) then is the reciprocal 
of X," 



Exercises 8-5 
1. . Simplify. . 

a, -| d. I f g. |- 

. T • ¥ , 3 



% 15 



1 



1 ■•' ■'•3 • 9 

5 1^ KT 



2. Simplify. (Hint: first express both ^numerator and 
denominator as fractions.) 

a. b. 

4 . ' 
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8-6 



- 4 



2 
3 

T 



a| IT - I 



d 2 3 . 7 ^ ^ 

^ . 5 2 ^ ^ 



8-6. Equivalent Fractions . 

'A rational number has many fraction names. When you 
compare or add rational numbers expressed as fractions, you 
often want to find other fraction names for your numbers. 
The Comparison Property gives you another way to find 
equivalent fractions. 



30 



Example 1.. What Is the fraction with denominator 
that is equivalent to 

You can write thia; problem as 

- ■■ 

n 2 

The Comparison Property says = ^ if 
n • 5 = 30 ' 2 , 

5 • n = 60 Commutative property .of 
multiplication 
60 ^ 

n = ^ Definition of a rational number, 
n = 12 



(The product n • 5 or 5 • n is usually written as 5n.) 

■ Sometimes it is useful to express a simple fraction 
as a complex fraction. 



Cr 



8-6 



Example 2. Express as a fraction with denominator 10. 



7 ~ 



30 = 7n 



n = 



n = 



30 

7 

Hi 



So 



Since 



7 ^jfr 



4 ^ 5 
1^ * * W 



4 3 5 
You know 'iQ s< "7 * "lU 

3 4^ 
Having .^expressed y in the form you can 

3 ■' 

locate properly between tenths, on the number line, 



3_ 
7 



To 10 



4 5 

To 



6 7 
W IS 



8 9 
T5" TU 



Exercises 8-6 

a) Use the Comparison Property to write the following 
as statements about n without fractions 

Example: if ^ = 



Then 



2n = 12 
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b) Then use the definition of a rational nuiT|ber to find 
n In simplest form. 



If 2n =: 12 
then n 



12 
2 



or n = 6 • 

. • T ^ . ^- iH ""5 7 * n 

^- TJ-ir n - X ^- IT 10 10 - 3 

/ ' ■■■ - . 

8. Find a fraction equivcilent to which has 100 as the 
denominator. 

9. Find fractions equivalent to which have ^denominators 
10, , 100, and 1000. 

10. Express the following as fractions with denominator 10. 

>^ 2 ^ k V. 3 " 

b. ^ e. ^ h. ^ 

n ^ ^ f> 1 

11. locate the points in Problem 10 on a number line to 
the nearest tenth of a unit. 

1 2 

12. a. Express as a fraction with denominator 10 . 

2 ' 3 

b. Express ^ as a fraction with denominator 10 . 

21 4 

c. ^Express T" as a fraction W/ith denominator 10 . 

/ 

■ / 

/ 

■ / ■ 

• / ■ . 

/ 

/ ' ' 

/ . . ■ 

: ' / . ■ • . 
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*8-7. Operations on the Number Line , 

Now that we can locate rational niombers on the number line 
^they can be added and subtracted geometrically in the same way 
as whole numbers. 



I 



2 
6 



3 
6 



4 
6 



9 
6 



7 
6 



-H- 
8 
6 

1 

'G 



6 



-h- 
(0 
6 



H 
6 



2 

-4- 



I 



6 
6 



located on it , 



Here is a number line with multiples of 

3 7 

Sup^poue we wish to add -g and -g . We may add these Just 

shows the 



as we added whole numbers, 
procedure. 

I 



The following diagram 



(1*1) 



3 



z 

6 



6 



I 

6 



2 
6 



3 
6 



4 
6 



5 
6 



6_ 
6 
I 



7 
6 



8 
6 



9 
6 



!2 

6 



The point which corresponds to the niomber ("g 
is labeled in this example as . 



M 
6 



]2 
6 

2 



1 



I- 



I 



O b o 

Here are two rational numbers a and b located on the 
n*umber line. The arrows which represent them both start at 0 
and end at the point which corresponds to the niomber. 

To find the point on the number line which corresponds 
to (a + b) we proceed as sl;iown below 



(a+b) 



8-8 



1. The arrow representing a starts at 0 and ends 
at a. 

2. The arrow representing b has been transferred to the 
end of "arrow a". 

3. The arrow from 0 to the end of "arrow b" represents 
the sum "a ¥ b",, and locates the point on the number 
line which corresponds to this sum. 

The same type of diagram can be used for subtraction. 



Exercises 8-7 

v, 

. Here io the numbe:/ line with certain rational numbers indicated. 
- Answer the questions below. (Use a strip of paper to lay off 
^"^""^iBtances. ) 



Which of the indicated numbers is 

1. p + t 

2. q + t 

3. ' t - p 

4. t - q 

5 . r + q 



6. 


s 


+ p 


11. 


u 




t 


7. 


f 


- s 


12. 


V 




q 


8. 


u 


- p 


13. 


t 


+ 


0 


9. 


t 


- r 


14. 


0 




s 


10. 


V 


- t .. 


15. 


V 




0 



^8-8. Summary . 

In this chapter you learned to place any ra'^.ional number 
on the number line. You learned how to add and subtract, 
multiply and divide geometrically. The method of placing 
numbers on the number line preserves the natural order of the 
numbers. That is, if a < b then' a is to the left of b 
on the number line. 
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The Comparison Property Is a rule for telling which 

of two rational numbers la the larger -when they 

are both expressed as fractions. One Important 

part of this rule gives us a quick way of telllrfg 

a c 

^hen two numbers, aro equal. That ^ d 

if: A • d = b • c. 

Fractions In which the numerator^ Is less than the , 

de. omlnator arg ca3.1ed proper fractions . Fractions in which 

the numerator is equal to or g.'eater than the denominator are 

called Improper fractions. Therefore proper fractions are 

names for numbers which are less than 1 while, improper 

^fractions' are names for numbers which are greater than or equal 

3 

to 1. Mixed numbers ar& numerals such as 2Tf. This last 

— '■ 3 f ., , - 

number is short for 2 + Mixed numbers are a way of 

expressing rational numbers as the sum of a whole number and 

a fraction less than 1. Mixed numbers are better than 

improper fractions for making measureme*.fci3 or for quickly 

estimating the size of the number. Improper fractions are 

easier than mixed numbers in multiplication and division 

problems. 

Complex fractions are fractions in which the numerator 
or the denominator or both are themselves fractions. The 

2- > 

T 2 5 

complex fraction — ^ — stands, for the same number as j 7* 

7 

To simplify a complex fraction we perform the indicated 
division and express the number as an ordinary fraction. 



8-9. Chapter Review . 

Exercises 8-9 

1. On the number line below show how to find 

a. 4 • 3 c. 5 + 2 

'b. 12 -i- 4 ' d. 7 - 5 



J — I — I — J — I I I I I I I [ I I 

0 I 2 9 4 9 6 7 8 9 10 II 12 13 



2. The following diagram shows a problem on the number line, 
State'' 

a. the addition problem it represents. 

b. the subtraction problem it represents. 

c. the 'multiplication problem it represents. 

d. the division problem it represents. 



I 
I 

H 1 1- 



0 12 3 4 

3. Label the indicated points on the number line with the 
given numerals. 

3 ' 2' 3' 3' T 

1 1 1 — I \ 1 \ \ \ \ 1 

0 12 3 4 5 

4. The segments indicated by the braces are equal in length. 




u V w X y 

u, V, w, X, . y, z are nur.bers on the number line. 

Which of the indicated numbers is equal to: 

a. K + V 2 , ^ 

b . z - X h . • w 



c. 2 . V i. 



2 

d . 3 . . • V j . w 3 

e. ■ X k. V ^ 

f . • X 1. X ^ I 
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5. On the number line below^ locate 

a* the number. 6 and its reciprocal. 
3 

b. the number and its reciprocal. 

c. the number 2^ and its reciprocal. 

d. the number ^ and its reciprocal. 

1 1 1 H 1 1 1 H 

0 I 2 3 4 5 6 7 

6. In Problem 5 you can see that in each case the number 1 
lies between the given number and its reciprocal. Can you 
tell why the number 1 will always lie between a given 
number and its reciprocal? 

7. Certain rational numbers are Indicated on the number line. 

— i 1 1 \ 1 1 1 1 — — 

0 num b e rs 

Replace the question marks by the correct symbol, > or <. 





b 


? 


e 


d. 


n 


9 


r 






e 


? 


m 


e. 


r 


9 


s 


V 


^ 0 .\ 


. m 


9 


n 


f . 


s 


9 


u 





Compare the fcllowtng pairs of numbers. by expressing 
them as V'-dCtlons with the same denominator. 

a. I? I 

°' 7 ^ 5 ^ • 7 • 11 



Compare the following pairs o" numbers using the 
• Comparison Property. 

a ? S ri 2 , 3 



if 11 4 li 



*3 2 ? 



BRAINBUSTER. 

a. Simplify 1 + — i 



4 si 



b. Simplify 1 -f 



c. Simplify 1 + 



1 + — i- 



1 + — ^ 



1 4- 



-10. Cumulative Review , 

E.cercises c-lO 

Complete the statements in Problems 1^5 belo;^/. 

Zero is the identity for . 

Dividing by 10 is the of multiplying by 
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Thte following shows a one-to-one correspondence between 

the numbers and the . 

numbers . 



1 2 3 4 ... n 



J I t t X 



2 4 6 a . . . 2n 



The inverse operation of adding 5 Is 



^ - 



The number of counting numbers between 4 and b Is 



Iii each case, what is the set that Is the intersection 
of the given sets? 



set of multiples of 3. 

b. The set of baseball players now In the National 
League and the set of baseball players now In the 
American League . 

List' the multiples of 4 which are greater than 30 
and less than 50. 

What Is the least common multiple of 2, 5^ and 7? 
Perform the Indicated operations and simplify. 



a. 



The set of . even .numbers less than 25 and the 





c . 



3 . 2 
? " 3 



Write the reciprocals of the given numbers, 
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In the diagram at the right 



a. 


- Name 


three; triangles . 


b. 


Whdt 


is n AEBD? 


P. 


What 


is IF n b3? 


d. 


What 




is U BC? 


e. 


Name 


a point on the 




B-side of 1^. 


f . 


What 


is IC U BD? 



Explain why is in the 

plane CEB. 



307 



Chapter 9 
DECIMALS 



9-1. Decimal Notation . 

There Is a special notation, called decimal notation, 
used for ex^esslng' proper fractions with denominators which 
are powers of ten. For example: 

^ (rea:d "seven tenths") 



7 

10 

23 

1G5 

To55 



Is written as .7 

Is written as .25 (read "twenty- three hundredths 

Is written as .475 (read "four hundred seventy- 
five thousandths") 



Note that the placement of one digit after. the decimal 
point (such as .7) provides a short way of writing a fraction 
with denominator 10; two places 'after the decimal point 
(such as .25) provides a short way of writing a fraction with 
denominator 100, and so on. 

We can also write mixed numbers as decimals. For example: 



1* 



I2A 



-W5 



is written as 1 .5 



is written as- 12.75 



The point or. dot that occurs in the notation "I.5" or 
•"12.75" is called the decimal point . The decimal point always 
appears to the right of the units place and separates the 
whole., number places from what we call the decimal places : 



whole number places 



12.75 
declma:, point 



decimal places 
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129 



Look at 12.75 in greater detail: 

12.73 = 12^ 



12 +^ 
I P 4. 70 + 3 



12 + 



W ife 



= 12 + + -2-2 
1° (10)^ 

The' fact that 

12.73 = 12 + X- + 

1° (10)2 

shows us that the first digit after the decimal point still 
represents a number of tenths (Just as It would In 12.7 
or In 0.7% and the second digit after the decimal point 
represents a number of hundredths . 



Exercises 9-la 
(Class Discussion) 

Write In decimal notation: 

^- ■ 

JBead each of the following: 

a. A d. 3-^7 

b. 32.7 e. .257 

c. .28 f. 17.935 
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3. Express each of the following decimals as fractions with 

denominators which are powers of 10. 

'J . 

a. .55 f . .012 

b. .21 g. .05 

c. .4 . • h. .34 • 

d. ^ .015 i. .064 

e. .105 J. .25 

4. Express each of the following as fractions with 
denominators which are powers of 10. 

a . Seventy-five hundredthvs 

b . Five tenths 

c . Thirty hundredths 

d. Eighteen thousandths 

e . Thirty-six hundredths 

5. Complete the following: ' 

a. 5.23 = 5 + ^7^ + 

10 

b. 5.79 = 5 + + 

■ c. 28.05 = 28 + -V 

10 

d. 75.. 91 = ? + fpr + 

10 - 

6. Write in decimal notation: 

10 

c. 5 + :^%.^ 

-LU ;lO 

" 10 
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Any. fraction with a denominator which is a power of ,10 
can be written in decimal notation. Here is another example: 

. (read "four hundred seventy-nine 
479^^ = ^79.552 and five hundred thirty- 

two thousandths*') 

We can vrrite ^7 9 . ^^^^ as follows: 

" U7Q 4. _ U7Q , 50 0 + 30 + 2 

, . ^'^ ^ 1000.^ Io5o ^ 1000 



10 100 1000 



^° (10)^ (10)5 



Now let us see how this fits into our scheme of expanded 
notation: 



'^79.532 = 4oo + 70 + 9+ ^ + Y^ + T 



= kilO^) + 7(10) + 9(1) + 5(Tk) + 5(-^) + 2i-\) 

10 10^ ^ 



When the number i£f. written as 479.552 it is in positional 
notation or decimal notation . ' 

Look at the numerals in the parentheses in the last 
expansion: 

: " . ' ^ ^ 17 

Note that as we move from left to right we get the next 
number by multiplying the preceding one by . For example, 

10 = ^.10^ ; 1 =^;10 ; 3^ = 3^.1 ; 
1_J^1_.1=J^1 

^=10-10' ^-10'^ 
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We see that our decimal representation of ^79.532 is' 
.a natural extension of our place value system of numeration 
(base ten) . 

The following chart shows the place values both to the 
left of and to the right of the units place . 



PLACE VALUE CHART 



Kisand 


C 
















mdth 


;ondth 


















<n 

3 


VI 


e 
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§ 

C 


puDsnc 


idred 


c 




c 


idredth 


)usand1 


O 


, 8 


X 






X 




'E 


a> 


X 




c 


c 
X 


lOG^OOQ 


tojooo 


ipoo 


100 


10 


1 


0,1 


0,01 


QOOI 


0.0001 


OjOOCK)! 


.0^ 


.0^ 


.0^ 


.0^ 


10 


1 


1 

10 


1 

^02 


1 

10^ 


1 

10^ 


1 

I05 



> Here are several examples of how we change from one. 
notation to another. ^ 

Example 1: Write 5(10^) + 7(10) + 0(l) + 3(^) + 2X^^^ 
in decimal notation. 

Answer: 570.52 



Example 2: Write 42. 356 in expanded form. 
Answer: 4(10) - 2(1) ^ 1>{~\ + 5(-^) + 6(^) 



313 ^ qQ 



9-1 

■ Exercises 9-lb 

1. Write, each of the following In decimal notation: 

a. 4(lcP) + 9(10^) + 6(10) + 7 

b. 5(10^) + 6(10^) + 1(10) + 8 + 3(i^) 

c. 2(10^) + 4(10) + 5 +■ 6(i) + l(-i^) 

d. 8(10^)4 0(10) + 4 + 5(T7r) + 5(-^) + 9(Ar) 

e. 5--t 2(^) + 4(1) 

^ 10"^ 

f. H^) + e(-i^) + 3(^) 

•^^ 10"=^ i(y 

g. 3(10^) + 7(10) + 2 + 0(Jw) + 6(-i^) 

■^^ lO'^ 

h. 2(-l^) + O(-l-) + 6(-in.) 

10 lO-' 10 

1.5 + 5(^) + 0(-l-^) + 7(-ir) 

lO'^ 10^ 

2. Write each of the following In expanded form: 

a. 7862 f. 2.465 

b. 437.9 g. .384 

c. 28.64 h. .013 
■ d. 3^7.15 1 . 24.09 

e. 96.372 J. .0039 

5 . Write each of the following In words . For example 
3.001 l3 written "three and one thousandth". 

• , a. 658 e. 759.6 

b. 3.2 f. 48.07 

c. ^.73 g. 3.209 
d'. 58.29 h. 37.0106 
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4. Write in decimal form: . 

a. Five and fifty-two nundredthP 

b. Seven hundred sixty-two and nine tenths 

c. Three hundred and fifty-two hundredths 
d • Fourteen hundredths 

e. Two and seven thousandths 

f . Sixty and seven hundredths 

5. In the following numerals, indicate the number represented 
by the underlined digit: 

a. 428 d. ^017 

b. 5259 e. 210^ 

c. 62 f. 1567 

♦6. Write .1^^^ in base 10. 



*7. Complete: .5 = ^twelve' 

♦9. Change 10.011^^^ to base 10, 



Complete: § = . ^twelve' 



9-2. Arithmetic Operations With Decimals . 

In order to be able to use decimals in solving problems 
we must learn how to add, subtract, multiply, and divide with 
decimals . ' : 

Suppose we wish to add two decimals, for example, 0.75 + 
0.84. We know how to add these numbers without the decimal 
places: 75 + 84 = I57. How do we handle the decimal places? 

We proceed. to add 0.73 and 0.84 as follows: 

0.75 = 75 X ^ and 0.84 = 84 x ^ 
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Therefore , 

i 0.73 + 0.34 = (73 X ^) + (84 x ^A.) 

= (73 +84) 
= 157 X ^ 
= 1.57 

Notice that we use the distributive property here . 
'Supp<!^se that we wish to add a two decimal place number and 
a three decimal place number, for example, 0.75 + 0.125. 

■ \ = 73 x^ = 730 x-J- 

and _ 0.125 = 125 x 

We write 73 x j~ as 730 x so that the factor ' -j^q 

appears in both terms of the following sum: 

0:73 0.125 = (750 X j^) (125 X ^) 
= (750 + 125) X xuoo 
= 855 X ^ 
= O.S55 

The'se examples can be handled more conveniently by 
writing one numeral below the other as follows: 

•75 0.75 
-f .84 -f. 0.1 25 

1.57 0.855 

You notice that a zero is often used in the units place 
when you see decimals of numbers between 0 and 1, such as 
in 0.75 and 0.84. This is not necessary and these numbers 
may also be represented as .75 and .84. The reason for 
using the zero is to emphasize the location of the decimal 
point, which might othei^lse be overlooked. 
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Subtraction of decimals can be h?ndled in a similar 
manner Consider the ^r^blem 0.84 - 0.55. V/e proceed as 



follows: 



0.84 - 0.53 = (84 x ^) - {^^ x ^) 
= (84 - 53) X ^ 

= 31 X -i- 
f-^ ^ 100 

= ..31 



This example can be handled more conveniently by writing 
one numeral below the other and liubtracting: 

0.84 
- 0.53 

Here are several additional examples: 

0.83 -1.03 
- 0.74 - .25 

0.09 0.78 



Exercises 9-2a 



Add: 



a. .3 + .5 

b. 0.73+0.59 

c. .6 + 0.85 

d. 0.719 + 0.382 

e . 1 .0023 + 0.00102 ^ 

f. 1.05 + 0.75 + 21.5 
23.04 + 9.6 + 16.58 
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Subtract: 




a. .9 - 


.3 


X>. .34 - 


.76 


c. .35 - 


.09 


d. 1.36 


- .97 


e. 0.625 


- 0.550 


f. 0.500 


- 0.125 


g. 1.005 


- 0.0005 



There are I6 ounces in 1 pound. Which is heavier, 
7 ounces or 0.45 lb.? 

In a mile relay race, four men each run a quarter-mile. 
Their times are 48.5 seconds, 47.9 seconds , 49.0 
seconds, and 48.5 seconds. The meet record is 5 
minutes 8.5 seconds. By how many seconds did this team 
fail to match the record? 

At the start of a trip a car speedometer read 5827.4 
miles. At the end of the trip the reading was 4015.2 
miles. How many miles were traveled on the trip? 

The rainfall in a certain city for a year was 50.04 
inches. The rainfall record by months was as follows: 

January - 1.59 inches April - 4.36 inches 

February- 0.92 inches May - 5.49 -inches 

March - 5.14 inches June - 1.97 inches 

How much rain fell during the rest of the year? 

In Problem 6, how much more rainfall was recorded in 
March than in January? 

Add 10.01^^^ + 1.01^^^ and then express the answer in 
the base 10. 

1 1 
Hint: In the base two: ^-^two^ 2 ^'^"^two ^ 
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Suppose we wish to multiply two numbers in decimal form, 
for example," 0.5 x 0.25. We know how to multiply these numbers 
without the decimal places: 5 x 25 = 75 . 

Just as before, we write 

,0.5 X 0.25 = (5 X ^) X (25 X ^) 

- (5.x 25) X (^.x 

^ TUoo 
= 0.075 

1. How many digits are there to the right of the decimal 
point in 0.5? 

2. How many digits are there to the right of the decimal 
point in 0.25? 

5. What is the sum of the answers to (l) and (2)? 

4. How many digits are there to the rig^t of the decimal 
point in 0.075? 

5. Compare the answers to (5) and (4). 

Now multiply 0.42 x 0.29. What is your answer?. Answer 
the five questions above for these numbers . Do the answers to 
(5) and (4) still agree? 

To find the number of decimal places when two numbers are 
multiplied, add the number of decimal places in the two numerals. 

For example, suppose we wish to multiply .735 by .25. 
The first numeral has three decimal places and the second has 
two, so there will be five places in th^. answer. We multiply 
755 X 25, and then mark off five decimal places in the answer, 
counting from right to left . 

.755 

5675 
1470 
.18375 

Thus .735 X .25 = .13375. 
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Exercises 9-2b 

Find the products: 

a- -8 X .'7 f , .8 X 5 

b, .06 X .9 g, .8 X .09 



/ 



• c. ,05 X ,05 h. ,007 X .09 / 

d. .4 X .004 1 . .6x9 

e, .02 X .007 J . .3 X .006 

2. Find the products: 

• a. 1 .3 X 2 f . .23 X .58 

b. ' . 2.5 X .3 'g. .723 X .37 

c. .02 X 1 .8 h. 2.56 X .15 

d. 1,5 X 1:5 ^ i. 50.2 X 6.8 

e. 2.05 X .7 J . 12.7 X .49 

/' 

5 • A gallon of water weighs about 8 .35 pounds . What is the 
weight of 4 gallons? 

4. There are 4,75 fluid ounces in a can of frozen Juice. 
Three cans of v/ater must be added to this to make a 
mixture. How many ounces are there in the final mixture? 

5. In a certain city the average monthly rainfall is / tl .3 
inches. At this rate what is the total yearly rainfall? 

6. A family pays $83 .50 rent' per month. How much do they 
pay per year? 

7. If there are I6.5 feet in a rod, how many feet are 
there in 15 rods? 

8. About how many miles is a distance of 4.5 kilometers? 
(One kilometer is about .6 of a mile . ) 
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Next we wish to examine the operation of division of 
decimals. First consider the problem of writing a fraction 
in decimal form. Let us write ^ as a decimal to the 
thousandths^ place . 



Using the Comparison Property we have: 





X 

1666 




5000 


X = 




13 


1000 



13)5000 
104 



Th"2 13 ^ 1000 which leads to an approximate decimal 
representation for 



584 . 585 
rroU ^ 1000 1000 

In other words, ^ Is between .384 and .385. ^ However, 

> I" so that ^ Is closer to .385 than It Is to 
.334. Therefore we write: 

^ « .385 "Is approximately equal to" .385) 



Now ^ Is another way of writing 5 13 . Thus 5 -7 I3 
is approximately equal to .385x^to the thousandths place. * 

Let us see what we really did when we used the Comparison 
Property to divide 5 by 13 . Vlrst we multiplied 5 by 
1000 to obtain . 50OO . We then divided 50OO by ' 13 to get 
384^ . Finally we divided by lobo: 

3848 



321 



9-2 



In other words: 

^^1^ = (tj^^^^^^ ^^^^^ 

.= (584^) 1000 



1000 



We can simplify this process considerably by writing 5 
as 5.000. Do the division as if the decimal point were not 
there. Then place a decimal point 084 
in the quotient so that it is "^^'^^^OO 



directly above the decimal point 
in the dividend . Divide by 13 . 

As before we find 5 - 15 .385 . 52 

We can extend this process to all division problems 
involving decimals. First express the problem in fractional 
form . Then use the Multip] ication Property o£ 1_ change 
the denominator to a whole number, and divide . Here is the 
procedure for finding the quotient .432 -f 1.35 to the 
hundredths place . 



Express as a fraction » 



.432 



1.35 

^ . . . T 100 .432 ^ 100 43.2 

Multiply by 1 = 3^. X 3^ = 

Annex a zero, since we ^^^pj^-|^ 
want our answer in hun- 4q 5 

6 7(S 

dredths, and divide. ^ jq 

As a check, note: 

(divisor) x (quotient) = (dividend) 
135 X .32 = 43 .2 
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Whenever the divisor is a v/hole number, the dividend and 
the qiaotient have the same number of decimal places . By- 
placing the decimal point of the quotient directly above that 
of the dividend, we locate the decimal point of the quotient 
automatically in. the correct place , This is the reason we 
want our divisor to be a whole number. 

/ Here is one more iexample: Find the quotient 2.65 -r 12.3 
to "Dhe thousandths place . 

-2.65 4-12.5 - 



= 22^1 X do we multiply 

26.5 



125 



We want the answer to the thousandths place. Therefore 
we write 26.5 as 26. 500 and divide: 

■ 215 



1^6. 


.500 




6 


1 


$0 


1 


25 




670 




615 




55 



The remainder, 55, is less than one-half of 125 . Therefore, 
to the thousandths place, 2.65 4 12.5 « .215. 



Exercises 9-2c 

Use the Comparison Property and express each of the 
following as a fraction with a denominator of 100. 

a. J d. ^ 

c. 1 

Write each of the fractions in Problem 1 as 9. fraction 
with a denominator of 1000. 
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Write^ each .of the f ractXons in Problem 1 as a decimal 
to the. hundredths place. 

Write ea.ch of the fractions in Problem 1 as a decimal to 
the thousandths place . 

Find the following quotients: 



a. .0.009 0.5 


f . 


24 ,6 -f 0 .12 


b . P .24 T D 




, i .55 ;> .5 


r» n m J, n 


II . 




r\ n R'^P A o oh 




Q 84 -2- 4 1 




J . 


'i\ 1 PR + ~^ PR 


Find the following 


quotients to 


the hundredths place: 


a. .3.52 + 1 .2 


f . 


27.96 +2.5 


b. 72.8 + 0.45 


g. 


8.575 + 0.12 


c. 9.87 -s- 0.57 


h. 


25+15 


d. 42.6 + 5.02 


i . 


0.796 + 0.85 


e. 798+5.8 


J. 


8.52 + 9.08 


Find the following 


quotients • to 


the thousandths place 


a. 87 17 


f . 


0.85 + 42 


b. 9.62 + 85 


g. 


7.6 + 5.25 


c. 59+7.2 


h. 


0.897 + 0.84 


d. 48.6 + 0.79 


i . 


8.29 + 1 .76 


e . 79.62 + 1 .5 


J. 


6.5 -f 0.52 



Harry weighed 92.5 pounds when he entered the seventh 
grade, Ten months later he weighed 105-4 pounds. How 
much did he gain, on the average, each month during this 
time? 
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9r At the/ start of a trip the speedometer" of a car read 
\- 132^15/7. At the end of the trip it read 15556.2: If 
15 gallons of gasoline were used on the trip, how many 
milefi^' did the car travel per gallon? ^- : - 




10. Mr.^^rpnes paid $5^1.2^1 for his phone bills last year. 
How much did he pay, on the average, per month? 

11. "* How.many rods are there in 495 feet? (There are 

16.5 feet in a rod.) 

12. Eight 'girls shared the cost of a party. If the total 
expenses were $27. 60, how much was each girl « s . share? 



9-5 . Repeating Decimals . 

We can change any rational number expressed as a fraction 

to a decimal representation with as many decimal places as we 

please. Some of the representations are exact; others are 

approximate. We know that the more df.-cimal places in an 

approximate representation, the better the approximation. 

But is it possible to find exact decimal representations for 

all rational numbers? i 
■■ " --- ♦ 

If a fraction has a denominator that is a .power of ten 
and a numerator that is a counting number, it is easy to make 
•the conversion. For example; 

25 _ 
iSo = -057 

If the denominator is not a power of ten, the fraction 
can often be changed to an equivalent one whose denominator 
is a power of ten, and whose numerator is a count irg number. 
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For example, - \ 

\ 

100 \; 
•55" " i5o ~ 

We can write a fraction in decimal form by dividing 
numerator by denominator and carry ou\ the process tq any 
ideslred number of places . For example, \/e express ^ to 
four decimal' pi ace b as follows: 

■ 1375 
161^.6066 

' 16 

1 28 

r?o 

112 
80 

We are also able to approximate fractions such as 

1- 1 4 7 25 
, 3"' F' IT' 53 ' 57 

as decimals, correct to any desired number of decimal places. 
In none of these cases do we obtain an exact representation of 
the original rational number. . For example, 

4 » .555555 




5 
1 



« .166666 



^ « .565656 

« .212121 



55 

P- » .621621 

5 1 

You may have r>oticed that in each case there seems to be 

a block of one, two, or three digits whic repeat endlessly. 

Tills is also true of the first group of fractions in this 
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section^ if we consider the digit 0 as repeating endlessly. 
For exampl 61, we. express these fractions as decimals to the 
.millionth's place: 

.700000 
.250000 

.057000 ' , ■ 

.150000 
.520000 
.187500 

A difference between the two groups of fractions is that 
In one we. make use of the equal sign whereas in the other we 
do. not . (In the first group we used the sign which means 
"is approximately equal to.") However, here is a way to 
represent any rational number exactly where there is a 
repetition of a block of digits: 

J « .555553. J = .5J 

3j « .565656 ^ = .565F 

1^ « .621621 . 1^ = .621^ 

In the first case the bar means that the digit 5 repeats 
endlessly; in. the second one the block of digits 56 repeats; 
and in the third case the block 621 repeats. Note th^t we 
write "^the block of digits twice, and place a bar over the 
second block. You may also see this notation used in one 
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7 



8 

25- 



of the following forms: 

i= .35 ... or J = 5 = -553 

^ =: ..5oJd ... or YT ^ *^ IT .505050 



When this type of repetition occurs, we have^a way of 
nauning a rational, number by a decimal numeral . Let us see if 
the decimal form of every rational number has this repetition. 



Exercises g-^Sa 
(Class Discussion) 

1. Express y as a. decimal to the thousandths place. Is 

there a pattern of repeating digits? 

.142 
711.000 

-TO 7 -^^^ 

28 

14 

There is no repetition of digits yet. J 'it us try the 

ten-thousandths place. Complete the following division: 

.142? 
7|1 .0000 

' 7 
•50 
28 
20 
14 
^0 

(Note that there was no need to repeat all that was done 
in the first division problem.) 

2. There is still no repetition of digits. Continue the 
process described in Problein 1 until you find a 

. repetition. 



5. 



A decimal such as .55 or .621521 is called a repeating 
decimal . Give some other examples of repeating decimals. 

328 
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4. _ Just enough work was done below to find out whether there 
are rgpeat'lng decimals for and . 

.48 . .828 
33fT5jro nil §^ .600 

13 2 88 8 

~2~E0 ~T?0 

2 64 .. ■ 2 22 

888 • 

' = .48TfF ^ = .828B5H 

How do we know that the decimal repeats after doing only 
this much work? 



E xercises 9-3b 

Write each of the following rational numbers as repeating 
decimals. 

Express the following rational numbers as decimals to the 
thousandths place. 

1 y Q 

a. ^. d. ^ 



TT . ' ®- IT 



3^ 

lie 



3. Study these decimal numerals and see if you can find a 
relationship: ' 

a. Between the decimal numeral for decimal 



numeral for ^ . 



b. Between tho rlMolmnl niim^rnl for i ?nd the decimal 
numerals for ^jy, j^, j^. 

'4. Can you find a decimal numeral for ^ without dividing? 

7 

5. Can you find a decimal numeral for without dividing? 

6. Is it true that the decimal numeral for is three 

1 

times that of ^? 



If you worked all the exercises correctly you will probably 
say,- that all rational numbers can be given a decimal name. 
However, we certainly have not tried all tlie rational numbers. 
In fact it is impossible to try all possible rational numbers. 
Nevertheless, we can show that every rational number can be 
expressed as a repeating decimal . (Remember, we agreed to call 
decimals like .55 repeating: .55 ^ .55000...) 



Exercises 9-5c 
(Class Discussion) 



number 



Let us look at-<the decimal which names the rational 
1 

7 • 

0.142857142357 
711.(500060000000 



1. Can you tell, v/ithout performing the division, the digits 
that will appear in the next 6 places? 
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2. Is there a block of digits which repeats endlessly? Let 
us pl:ice a horizontal bar over the block of digits which 
repeats : 

I J = .l^i2o571 4^057 

3- Name by a decJ-.al numeral. 

VJill there be a zero remainder if you keep on dividing? 

5. Does the decimal numeral for ~ repeat? How will you 
indicate this? 



Do you noiiice that the decimal numeral for repeats 
as the remainder repeats? 



7. Let us check the idea in Problem 6 by finding the 



decimal numeral for 

0.1423571 
7|1 .0000000 ' 

7 



:)0 — _ > First remainder is 0 

23 

20 ■ > Second remainder is 2 

14 

"^9 " ^ Third remainder is 6 

56 

> Fourth remainder is 4 

55 

50 > Fifth remainder is 5 

10 > Sixth remainder is 1 



{ 



-> Seventh remainder is 



Note thai: the seventh remainder is the same .as the first. 

a. Is the seventh digit to the right of the decimal poirt 
the same as the first? 

b. If you contini: the division, v/ill V: eighth remainder 
be the same as the second remainder? 

c. Will the eighth digit to th^ right of the decimal point 
be the same as the second dl^.It to the right of the 
decimal point ? 



331 



15' 



YOl should see that the block of 
digits, 1^^2857, will continue 
to repeal This, is so because 
there are only zeros in the 
dividend . Thei^ef ore , as soon 
as we get to the sixth remainder 
and '^bring down" a zero, vre 
are back to the original 
problem of dividling 7 inro 
10. 




8. Check .this idea again by dividing^ 1 by ;)7 to find .a 
decimal numeral for . 



You should agree with the following conclusion: Every 
rational number can be. named by a decimal numeral which either 
repeats a single digit or a block of digits over and over 
again. 



Exercises 

1 . Write a decimal numeral for — . 

a. How soon can you recognize a pattern? 

b. Docs this decimal numeral end? 

c . How can you indicate that it does not end? 
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Write decimal numerals for: 



a. i 




c . 



1 



d. 



4 

IT 



e . 



15 



How soon can you recognize a pattern in each case? in 
each case locate the step in which the remainders begin 
to repeat. Do the digits in the decimal numeral begin 
to repeat at this step? 

. For each of the following numbers: 
Find a decimal numeral . 

Indicate the repetition of a digit or a set of 
digits by placing a horizontal bar over the digit- or 
block of digits which repents. 



a . 



2 



5 






1_1 

15 



9 
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Make the following- chart and fill in the blanks according 
to these directions: 

a. In column A give the equivalent fraction with 
denominator 10. (Thus ^ = jq.) 

b. In column B give the decimal representation to 
the tenths place. (Thus | = 1 .5; | « Draw 

a circle around tbd'se decimals which are exact repre- 
sentations of the rational numbers under consideration 
(Thus there is a'^Vircle around 1.5) 

c. In column C give the equivalent fraction with 
denominator 100. (Thus ^ = 

d. In column D give the decimal representation to the 
hundredths p] ace. (Thus |. = .75; |- -17) Draw 
circles in accordance with the directions in (b) . 
(Thus there is a circle around .75) 

e. In column E give the equivalent frajtion with 
denominator 1000 . 

f . In column F give the decimal representation to the 
thousandths place. Draw circles in accordance with 
the directions in (b) . 





A 


B 


c 


D 


E 


F 




6 

10 












- 1 




.6 










c. 5 , 




®) 










a- 25 






l^u 
100 








1 

e. ^ 






















.17 






6. ^ 
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9-4. Rounding Decimal Numbers . 

The length of the Missouri River is 2,-60 miles. In 
talking about the length of trie Missouri River n boy said that 
Its length is 2,500 miles. V/ould you say that he gave the 
length of the river incorrectly? Actually, the boy gave the 
length of the river to the nearest hundred miles. V/e say that 
the length of the river v;as rounded to the nearest hundred 
miles . 

We often use rounded numbers ecause they are easier to 
remember and easier to work with. In many cases, the rounded 
number is Just as useful as the precise number. 

In a recent year the population of Colorado was 1,625,059. 
This may .be rounded to 1,600,000. V;e have rounded to the 
nearest hundred thousand in this case. In talking about 
populations of states people find that rounded numbers are 
more convenient than the exact numbers for most uses. 

The height of Mt . Rainier is l'l,^llO feet. This may be 
rounded to 1^,^00 feet. Here the number is rounded to the 
nearest hundred feet . 

When we round a numl er we give an appro.'irratlon of it. 
Often, an approximation [.s all we need. We may prefer the 
approximation because ' t is easier to remember and to use. 
As you would expect, we choose an approximation close to the 
actual number. 

These ideas are further explained In the examples which 
follov; in this section. 

Example 1_: 

V/e say that 2;', rounded '.o the nearesr. 10 units. Is 
20. ^Ihy don^r we say JO? 

Look at the number line 
and find 2':) . Is | 

it closer to 20 < 1 -j u — ± \ 1 1 1 i i i :r 

20 ^1 2'2 S3 24 25 26 2? 28 29 30 

or to j:;0? Locate 

the point halfway between :o and ':0. On which side oi' this 
halfv/ay point is 2^;? 
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Example 2: 

Round 677 to the nearest hundred. 
Use your pencil to touch 
the point where you think 

677 is located. What is ^ 1- -4—^ 

600 700 

the number for the point 
halfway between 600 and 

700? On which side of this halfway point is 677? 

Did you decide that 677, rounded to the nearest 100, 
is 700? 

Exgtmple' 2.- 

Round 450 to 'the nearest hundred. 

In this case 450. is exactly halfway between 400 and 
500. In such a case we could flip a coin to decide whether tc 
round ^50 to ^00 or 500. In this book, hoivever, whenever 
a number falls midway between two others we shall agree to 
rotmd alwp.ys to the larger of the tv;o numbers. Thus 450, 
rounded to the nearesv. hundred, is 500 by agreement. 



Exercises g-^a 



1 . Round these 


numbers to 


the nearest 


hundred: 




a . 


280 


d . 


850 


6. 


459 


b . 


514 


e . 


749 


h. 


978 


c . 


1,456 


f . 


5,555 


i . 


5,250 


2. Round these 


numbers to 


the nearest 


thousand: 




a. . 


5,320 


d . 


14,550 


g. 


144,501 


b . 


5,599 


e . 


62,855 


h. 


144,500 


c . 


2,949 


f . 


14^,499 


i . 


■ 526,495 


3 . Round these 


numbers to 


the nearest 


ten thousand: 


a . 


754,159 


c . 


72,400 


e . 


^565,451 


b . 


159,025 


■ d. 


195,632 


f . 


. 85,000 . 
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Look at the portion oi"* 
the number line at the right. — » 1 < 1 — 

,^ ^ .230 .£35 .238 .240 

What number is halfway between 
.250 and .240? Do you agree 

that it is .?55? Where is .253? Is it closer to .250 
or to .240? Since it is closer to .2^0, we round .250, 
to the nearest hundredth, to .24. 

Example 4^: 

Round .2675 to tv/o decimal places. 

We locate .2675 

between .260O and _^ ^ ^ ^ 

.2700. The number -2660 .2673 .2700 

halfway between .26OO 

and .2700 Is .265O; .2675 is closer to .2700.. Do you 
sfee that .2675^ rounded to two decimal places, is .27? 

Example 5: 

Round .1359 to two decimal places . 

Touch with your pencil 
the place where you think — ' » — 

.fSOO 1900 

.1359 is on the number line. 
What is halfway tetween .1300 

and .1900? On which side of the halfway point do you place 
.1359? Would you round off .l3;)9 to .iOOO or to .19OO? 

Exercises 9- 4b 
1 . Explain why e ach of the f ol 1 ov/inp; 1 s c orrec t .* 

Number Rounded to Two Decimal Places 



a. 0.257 0.24 

b . 0.241 0.24 
c . 0.244 0.2^^ 
d. 0.1949 0.19 
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2. 


Round each of 


the 


following 


to 


two decimal 


places : 




a . 


48 .362 






d . 


6.012 






b. 


0.513 








0 . 0055 






c , 


55.016 






f . 


0.097 






Round each of 


the 


following to 


one decimal 


place: 




a . 


iff^oS 




d. 0. 




6- 


. 3.li+15 




b. 


43.72 




e . 0 , 


052 


h . 


. 63.07 




c . 


103.05 




f . i: 




i , 




4 , 


Round each of 


tne 


foil owir;;=3 






?1 places : 




a . 


4.0486 






L 


0.00159 






b . 


17.1074 






t . ., 


lo-j .73O0 






c . 


0.0006 








6? .9119 




5. 


V/rlte each of 
result tc one 


the 
dec: 


follov/lng 
imal place 






Round the 

• 




a . 


62 
100 






ci 


t 






b. 


1 






e . 


^ 1 

"11 






c . 


ii 
9 






. 


h 

^15 




6. 


V/rlte each of 


the 


following 


as 


a decimal . 


Round the 




result to two 


dec: 


imal places: 








a . 


531- 
1000 






d . 








b . 


2 






e . 


5 
7 






c . 


5 

9 






f . 


1 

F 
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9-5. Summary . 

A number may be written in decimal notati6n or in expanded 
f onn . For example: 

Decimal Notation Expanded Form 

^39.2 4(10^) + 3(10) +9(1) + ^(3^) 

5,056.57 5(10^) -^ 0(10.2) +5(10} -f 6(1) -f 5(yo) + 7(^1^ 

When one reads a number, the decimal point is read "and"; 
such as "four hundred eighty-nine and two tenths" . 

The following are the procedures for performing arith- 
metic operations with .decimals: 

1* In the addition or subtraction of numbers containing 
decimals, write the numerals in vertical order so 
that the decimal points are in a column. Then add 
or subtract as with whole numbers. The c5ecimal point 
in the answer is directly under the other decimal 
points . 

2. The number of decimal places in the product, when two 
numbers are multiplied, is the sum of the number of 
decimal places in the two factors. 

5. When dividing one decimal by another, change the 
problem by multiplying dividend and divisor by a 
suitable power of 10 so as to make the divisor 
a whole number. Then divide as with whole 
numbers . The decimal point in the answer is directly 
above the decimal point in the dividend. 

A rational number, represented as a fraction, may be 
expressed as a decimal by dividing the numerator by the 
denominator. If the division is continued we discover that 
either we reach a remainder of zero or that, after a certain 
paint, the remainders begin to repeat. After we reach a 
remainder of zero the ^:ucceeding digits in the quotient are 
zero. After we reach the first repeating remainder, the 
succeeding digits in che quotient are repetitions of the 
preceding digits in the quotient, in the same order. If 
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we continue the division, the digits -in the quotient will 
repeat in blocks over and over ap;ain . 

Thus, each rational number may *be named by a repeating 
decijnal . In some cases, the repeating digits will be zeros. 
In other cases, the digits will, repeat 3n blocks which are not 
all zeros . 

Repeating decimals are indicated by a bar over the digits 
which repeat. For example, ^ = .4545... is written as 

In rounding decimal numerals use the following procedure: 

Note the digit which is one place to the right of the 
place to which you are rounding. If this digit is 5 or 
more, then Increase the preceding digit by 1. If this digit 
is less than 5> drop it . 



9-6. Chapter Review . 

Exercises 9- 6 

1. Write each of the following in expanded form: 

a. 79.5 c. 6,028.557 



b. 453.08 




d. 5,739.205 




Write each 


ox" the following 


in positional 


notation : 


a. 3(10^) 


+ 5(10) + 2(1) + 


7 (to) 




b. 4(10^) 


+ 9(10^) + ;3(10) 


+ 7(1) + 3(^) 


+ 3(^) 
10 


c. 3(10^) 


+ 9(10) + i^l) + 


1(To) - 


+ 9(^) 

10^ 


Write each 


of the following 


in words: 





a. 5'K5 

b. 169.05 
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Write in decimal form: 

a. Six and nine tenths ■ 

b. Ninety and six hundredths 

-Write each of the following as decimals to the nearest 
hundredth: 

a. ^ d. I 

^- i ^- 4 

^ • . % ^ • 5 , 

Change each number of the pair to a decimal rounded to the 
hundredths place and write them so that the larger number 
is first . 

a. 15 

b ^ i 
^' 11' 20 

c ^ 5 

Add the following numbers, 
a. 0.53 + 2 .97 
b . 1 .602 + 5 .059 

Subtract the following numbers. 

a. 0.95-0.48 

b. 3.057 - 1.923 

Perform the indicated operations. 

a. (5.09 + 4.16) - 2.07 I 

b. (7.321 - 2 .056) - 1 .509 
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10. Find the following products. 

a. .55 X -09 

b. .008 X .7 

11. Find the following quotients. 

a. .05691 -r .5 

b. 1.2536 ~ .007 

12. Write decimal numerals for the following: 

IT 

c 

^ • 15 

How soon can you recognize a pattern in each case? 

In each case, locate the step in which the remainders 
begin to repeat . Do the digits in the decimal numeral 
begin to repeat at this step? 

15. Round these numbers to the nearest hundred: 

a. 575 c. 938 

b. 1250 d. 12,5^9 

"A. Round these numbers to the nearest thousand: 

a. 6,712 c. 76,802 

b. 485,550 d. 5,3^9 

15. Round eeth of the following to one decimal place: 

a. 2.47 c . 96.55 

b. 385.06.3 d. 1,043.142 

16. Round each of the following to two decimal places: 

a. 3.267 c. 0.0172 

b, 439.0-/; d. 5,329.135 
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17. Round each of the following to three decimal places: 

a. 2^.09^7 c. 47.69542 

b. 5.125659 d. 7-.04575 

18. Write each of the follov/lng as a decimal. Round the 
resul^- to two decirr<al places: 




XX XX 
X X 



9-7 . Cumulative Review . 

Exercises 9-7 

1 . What property is illustrated below? 

5 • 3 + 5 • 2 = 5(3 + 2) 

XXX 

2. The number of x's at the XX 
right is written in numerals XXX XX 
in four different oases . 
Which numerals are correct? 

a. 100^ c. 16^ 

four ten 

■ b . d "-n 

owelve 'five 

5- Write 7 without using exponents. V.'hat is its value? 

4. Answer "true" or "false". 

a. Every number can be completely factored in only one 
way except for the order of the f'actors . 

b. Zero is a factor of every number. 

c. The number one Is a factor of every number. 

d. The intersection of the set of prime numbers and the 
set of even numbers is the empty set . 

e. If a, b, c, and d are whole numbers and b 
and d ai^e not equal to zero, then * g" = f — j • 



3 ^^3 
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In the diagram at the right: 

a. What Is S^ys?? 

b. What is point S called? 



What is T-side 
t^f) R-side ^? 



In the figure on the right: 

a. What is plane 
ABCfl plane EFD? 

b. Name two skew lines, 
c . What is ADH BC? 

d. What is FEUPH? 




B 



H 



7- Perform the indicated operations and simv-lify. 



X 2^ 



5 2 



l| X 2~ 
3 lO 



4+ 0- 

^ 0 



h . 



1 



_l^ 

12 



li 

2 • . ^4 



111. _ ol 



Write each of the following as decimals 



17 

21 
T" 

_± 
10 



d . 



49 
1^ 



Mr. Miller is a salesman for the General Products 
Corporation. He is permitted an allowance oi' B.5 cents 
per mile for car travel . What is his allowance for a 
trip -of- 634 miles? 
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10. /Divide, and then use the inverse operation for checking. 



28 ) 3^^868 



11. By what number can you replace x, so that the statement 
will be true? 

a > 2x = 1 d . 3x = 

b . 7x = 1^ e . 7x = 5 

c . llx = 0 ^ 

12 . Insert one of the three symbols <, >, or = between 
the rollov;lng pairs of numbers so as to make true 
statements . 

• a. 4 ? I d. 7 o 3 



7 \ 13 



e 



12 ■ 2" 



4 
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Chapter 10 
RATIO AND PERCENT 

10-1 . Ratio . 

In your use of numbers, you probably noticed that you can 

compare two numbers by subtraction or by division. Of the two 

numbers, 6 and 2, we car? say that the firct number is ^ 

more than the second, or that the first numVer is three times the 

second. We can also say ^ .at the ratio of the first number to 

the second is, 5 , to 1. .^atio is a comparison by division. In 

comparing the numbers 9 and 2, we say that the ratio of these 

9 

numbers ls9to2or^. 

In a class there are 56 pupils of whom I6 are girls and 

20 are beys. The ratio of the number of girls to the number of 
16 4 

boys is or You will often find this shortened to "the 

20 5 16 4 

ratio of girls to boys is or 

Wlien a ratio is expressed as a fraction care must be \aken 

to write the numerals in the proper places. .Thus, in the 

preceding example, the ratio of the number of bcy*=^ to the number . 

20 S 4 

of girls is or This is not x;he sar*-^ ^: ..ue r^atio 

In general, the ratio of c to d ir vi.-^re che first 

number is used .as the numerator and the second number J.s used as 

the denominator.* How would you write the I'atio of d to c? 

Definition : The ratio of a number c to a number d, 
[d ^ 0) , is the quotient ^. (Sometimes this 
is written c : d . ) 

Suppose that John is 60 inches higl-i and that his father is 
72 inches high. Then the ratio of the number of inches in John's 
height to the number of inches in his father's height is ^ or 
^. Such a statement as this is usually shortened to: "the ratio 
of John's height to his father's height is 
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Notice that this statement does not tell what units are 
used in measuring the heights. If these heigb.ts are measured in 
feet, then John's height is 5 ffeet and his father's height is 
6 feet. The ratio of the number of feet in John's height .'io 
the number of feet in his father's height; is still ^. We se.e 
that the ratio is the same no matter what units we use as_ long as 
we use the same i iits for both measurements . 

We could say that the ratio of John's height in inches to 
his father's height in feet is ^ or 10. This statement is 
correct and meaningful but not very useful . If , in this state- 
ment , we left out the units and said that the ratio of John's 
height to his father's height is 10, then people would probably 
make the incorrect conclusion that John is 10 times as high as 
his father. 

V/hen we use ratios to compare two heights, two distances, 
two volumes or any two measured quantities we must either use the 
same units for both measurements or we must clearly state the 
units used for the two measurements . 

You may sometimes wish to compare measured- quantities, 
lengths for example, using different units. On a map of . the 
United States you might see the expression "1 inch = 200 miles." 
Thin means that if the distance between two points on the map is 
1 inch, then the distance between the corresponding points on 
the ground is 200 miles . 

The ratio of these lengths, 1 inch to 200 miles, is 
found by first expressing 200 miles in inches. Since there 
are 12 inches in a foot and 5280 feet in a mile, then the 
number of inches in 200 miles is 200'5280'12 or 12,672,000. 
The desired ratio Is then -i 2 672 000 * This is called the scale 
of the map . 

Usually, in reading a map, we are not particularly interested 
in the scale. We could use this scale to convert inches on the 
map to inches on the ground. But we are more interested in 
converting Inches on the map to miles on the ground. For this P^-^ 
pose vie use the ratio t^twt. ?his is the ratio of the number 
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of inches between points on the map to the number of miles 
between corresponding points on the ground. This ratio will 
remain the same for any pair of points on' the map. 

Let us consider another example. Suppose a club consisted 
of 6 members and that one member of che group suggested that 
they all Jcdp an art class . After much discussion a vote was 
taken and the other . 5 members of the group voted against the 
motion. We can say thr.t the ratio of the number of members who 

voted against the motion to the number who voted in favor of the 

5 

motion was 5 to 1. This can be written as y 5 . 



Exercises 1 0 - 1 a 
(Class Discussion) 

1. Express the ratios of the' following as fractions in 
simplest form . 

a. The number of inches in a foot to the number of inches 
in a yard. 

b. The number of pints in a quart to. the number of pints 
in a gal Ion . 

c. The number of cents in a dollar to the number of cents 
in a quarter . 

2. In a class there are 52 pupils of whom 20 are girls. 

a. The ratio of the^ number of girls in the class to the 
total number of class members, in simplest form, 

is ? . 

b. What fractional part of the number of class members 
Is the number of girls? n 

What fractional part of the number of class members 
is the number of boys? 

d. V/hat is the ratio of the number of boys to the number of 
girls in the class? 
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3. On, a certain map you read "l inch = 100 miles". 

The distance oetween Hotberg and Coldspot on the map is 
represented by a line segment of ^ in. How many miles 
are there between the cities? 
b. The airplane distance between Hotberg and Middletown is 
250 miles. How far apart are the cities on the map? 



We also use the idea of ratio to compare numbers which 
represent very different quantities . 

If a. car travels 258 miles in 6 hoiTrs, the ratio of the 
number of miles traveled to the number of hours of travel is ' 

or ^ or 45. This ratio, 45, is usually called the rate 
that the car is traveling, and is often expressed in terms of 
miles per hour. In this example, the rate of speed is 45 miles 
per hour.^ In examples of motion, like that of a moving car, you 
may have used a formula 

d = rt, 

where d represents the number of units in the distance traveled; 
r, the rate of travel; t, the time of travel. If d = 258 
and t = 6, then 



6r = 258, 
258 



r = 45 



Exercises 10-lb 

Find the ratio of Helenas height to Laurie «s height. 
Helen is 48 inches tall, and Laurie is 64 inches tall. 

Josephine has 90 cents and Martin has 50 cents. What is 
the ratio of Josephine's amount of money to Martin's amount? 

Marc walked 5 miles and Jerry walked 5 miles . What is 
the ratio of the distance Jerry walked to s the distance Marc 
walked? ' . - - 
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4. What is the ratio of Marc's distance to Jeri^y^s distance in 
ProWem 5? 

■ 5. Bus fare ten years ago was 10 cents. Now it is 50 C(;nts. 
Find the ratio of the present fare to the former fare . 

6. How much did the fare in Problem 5 increase? Find the 
ratio of the increase to the former fare. 

7. During a sale, $8.00 shoes were sold for $6.00. Find the 
ratio of the decrease in the cost to the original price. 

8. In Problem 7, find the ratio of the sale price to the 
original price . 

9. The temperature rose from 80 degrees to 90 degrees. Find 
the ratio of the increase to the original temperature. 

10. Express the ratios of the following as fractions in simplest 
form . 

a. I to I 

b. -I to 2 

c. I to I 

d. 2| to 1^ 

11. The scale on a map is 1 inch to 20 miles, 
a. Express this scale as a ratio. 

b . On the map how many miles are represented by a segment 
of length inches? 

12. Centerville is a small city with city limits forming the 
sides of a rectangle, 5 miles in length on the longer side, 
and 2 miles in length on the shorter side. Using a scale 
of 1 inch for ^ of a mile, how long and how v'ide will 
the map of the city have to be? 
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13- A map or the United States is di^avm on a scale of 1 inch 
« 500 miles . 

a. Express this scale as a ratic. 

b. . On this map how many miles will be represented by one 

foot? 

c. The distance from Washington to Chicago is approximately 
750 miles. How far apart will these cities be on the 
map? 

14. A plane flies 2600 miles in 5 hours. 

a. At what rate does the plane fly per hour? 

b. . What is the ratio of the number of miles traveled to 

the number of hours of flying time? 

15. A balloon drifts 60O miles in 15 hours. What is the rat( 
at which the balloon drifts per hour? 



One sunny day Tony measured the length of the shadow made by 
each member of his family. He also measured the length of the 
shadow made by a big tree in the yard. He found that his father, 
who is 72 inches tali, had a shadow 48 inches long. His 
mother, who is 65 inches tall, had a shadow 42 inches long. 
His little brother, who is only 30 inches high, had a shadow 
20 inches long. He dirin't know how tall the tree was but its 
shadow was 4o feet long. 

He wrote this information in a table. 



Father 
Mother 
Brother 
Tree 



Shadow length 

48 inches 
42 inches 
20 inches 
40 feet 



Height 

72 inches 
63 inches 
30 inches 
9 
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Tony saw that the taller people had longer shadows . He 
wondei'ed if he could Tind a useful way bo compare the numbers, 
and tried division. He divided the shadov; length of his little 
brother by the number of inches in his brother's height. 

20 ^ 2 - 10 ^ 2 
50 5 • 10 3 

He tried the same thing with his father's shadow length and 
hei£:ht . He formed the ratio of shadow length to the height of his 
father. 

48 _ 2 ' 24 _ 2 

What is the ratio of the shadow length of his mother to her 
height? 

All heights and shadows were measured at the same time. The 

P 2 

ratio ^ i^ the same for all of them. This ratio — is the 

3 3 
same for the tree, too. 




The shadow of the tree was measured to be'' hO feet. Can 
you find the height df the tree? What must the height of the 
tree be in order that the measure of, its shadow length divided 
by the .number, of feet in its height is j ? ^^0 ? j. 
With this reasoning you can find the height of the tree without 
measuring it. Did you find 6o feet? 

Exercises IQ-lc 

1. What is your height in inches? Wnat would be the length of 
your shadow if it, were measured at the same time and place 
as the shadows of the people in our story were measured? 

2. Some other objects were measured at another time and place, 
and the data are recorded below. Copy and complete the 
table. 



Object 


Shadow Length 


Height 


Ratio 


Garage 


3 feet 


8 feet 




Clothes pole 


36 inches 




3, 


Tree 


7^ feet 


20 feet 




Plagnoie 




144 inches 


3 


Fence 


1 

ll-jj- inches 


30 Inches 





5 . Write the ratio of 

a . 2 to 9 

b. 48 to 40 

c. 175 to 125 

d. 65 to 100 

4. Write an expression for the ratio of c to d. 

5. Write an expression for the ratio of s to 66. 

6. Write ar- expression for the ratio of 2k to 7m. 

7. Write an expression for the ratio of 40 to w. 
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10^2. ^ Proportion > 

/Tony's older brother is 66 inches tall. Is it possible to 
find the length his shadow would have been when Tony made the 
other measurements? 

To answer this question, we shall write a fraction for the 
ratio of his older brother's shadow length to his height and 
state that 'it is the same as the other ratios. We shall use s 
to represent the number of inches in his shadow length whicn we 
wish to find. 



s 



2 
3 



Now we have two names for the same ratio. We know how to 
express a rational number in different ways ^ It will help us to 



express 



-y a&--a_fraction with denominator 



66. 



2 
5 



22 



44 



44 2 
We can use ^ instead of j and T^rite 



3 



44 



(The denominators are 
the same . ) 



This tells us that s = 44. 

The older brother's shadow would have been 
The statement ^ 



44 inches long, 



q 2 

= -J states that two ratios are equal 



A statement that two ratios are equal is c alle d a proportion . 

Later in the day, the r'i^tio of shadow lengthsto height 
changed to y 




At this tirne the shadow a water tower measured 

21 feet. Then the statement 
about the height, w, of the 
v;ater tower. 



21 
w 



5 

7 



We wish to 
To solve 



Is a proportion, 
find the height . 
pro- a.ems like this we need a 
method for finding number 
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which will make the statement true when it is used as a 
replacement for w. 

The statement says that the two fractions name the same 
rational number. From Chapter 8 we know the Comparison Property 

If f = "J and b ^ 0, d 0, then a • d = b • c . 

We use this property to solve our problem 

21 „ 5 
~ " 7 

21-7 = 5 • w Comparison Property 
5w = 147 

lk7 

w = Definition of a rational 

number 

2 

w = 29f* The water tower is about 



29 feet in height , 



The problem of the older brother's shadow can be solved in 
the same way. 

s ^ 2 

5 . s = 2 • 66 State the property 

used^here . 

5s = 132 
s = 44 

The older brother had a 44-inch shadow. 



Exercises 10-2 



Find the ratio of the first number to the second. 

Shadow 



a. Garage: 

b . Clothes pole : 

c . Fence: 



3 feet 
36 inches 
11 inches 



Height 
10 f^et 
96 inches 
30 Inches 



Ratio 
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2. In a mixture of nuts weighing 24 pounds there are 15 
pounds of -peanuts. 

a. How many pounds of other nuts are there in this mixture? 

b. What is the ratio of the number of pounds of peanuts to 
the total number of pounds of nuts in the mixture? 

c. What is the ratio of the number of pounds of other nuts 
to the total number of poinds of nuts in the mixture? 

d. What is the ratio of the number of pounds of peanuts to 
the number of pounds of other nuts? 

5. In another mixture, the ratio of the number of pounds of 
peanuts to the number of pounds of other nuts is the same 
as in Problem 2. This mixture contains 25 pounds of 
peanuts. How many pounds of other nuts does it contain? 

4. What number subtitituted for n will make the statement true? 

l¥ - 9 — J — ^ ~ 

5. What number substituted for s will make the statement true? 

a. I^^s b. "30^90 cA-^ 

^ F 17 s Tf2 ~ 27 

6. Joyce has a picture 4 inches wide and 5 inches long. She 
wants an enlargement that will be 10 inches wide. How long 
will the enlarged print be? 

7. Mr: Stephens v;as paid $135 for a ,job he finished in 40 
hours. At this rate how much should he be paid for 60 hours 
of work? 

8. . A' recipe for 50 cookies listed the following amounts^ 

1 cup butter li cups floui"* 

; J cup sugar 1 tsp. v ;nilla 

2 eggs 

a. Re-write the recipe to make 90 cookie^. 

b. Suppose you wish to make ^5 cookies using the original 
recipe. What ratio should you use? V/hat amount of each 
item should you take? 
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9. What is the cost of 10_.doughnuts at 50 ^ a dozen? 

10. What is the cost of 12 candy bars at 5 for 25)^ ? 

11. What is the cost of 2500 bricks at $14 per 1000 bricks? 

12. The following table lists pairs of nutnbcrrs v and w. In 
each pair the ratio of v to w is the number y. Cop:' and 
complete the table . 





V 


w 


■atio ^ (simplest form) 


a. 


. 12 


ih 


6 
7 


b. 




21 




c. 


30 \ 






d. 


\ 


100 




e. 


100 1 







Comparison Property as your test, 
a, 

b, V 



10 


20 


T ' 


10 


6 


16 


5 ' 


T. 


48 


42 


TF ' 


TW 


68 


76 


17 ' 


T9 




45 




3^ 



/ 



15. state which of tVe following ratios are equal. Use the 



14. Mr. Jones is told to mix 2 pints of pigment with i/allons 
of paint to complete a certain paint job. He later finds 
that he wishes to mix pigment \j\th 2 gallons of paint, Hov; 
much pigment does he need? 
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♦15. When triangles are the same shape but not the same size, 
they are called similar triangles . The measures of the 
lengths of corr-esponding sides of similar triangles form 
equal ratios. Triangles ABC and OEF are similar. By 
using equal ratios, _ 

a. _Pind the length of side IF. 

b. Find the length of side dE". 

f 

/ 

/ 

A 




1 0- 



Many o:' you arc rainll' iv v;\i:'\ • I'lC v:oi\\ ' i>v; iV • (.-ni. . ai)u yuLj 
rnay know aorncari atoir. 1 : >" :nt.' .ar^ 1 :i>- . V/ht.:-!: your t.e;iCMei' L5ay:: 
"90 percent: oi' the ancv/ui-a or^ uhi.:: patjer art' ooria-oL," do you 
know what: no mean;); Aoi.uaMy Uc la; talking about: a number, 
ratio o:' tire r^umter <.:•{' qua 1 on'ij you ;uii3wered correctly to the 
'r;otPXT i^ari'-^r^-cr q'rrsr-ro-nr; on.rhv.' :.o:;t . !■ the paper with 90 
percent o:* tne answer:: correct ha:: 100 quci^tion^i, then 90 
answer's v)ut ot the 100 :ire corr-;ct. Tiie r^atlo —~ could le 
wseci inistead oT the ph:'.-::;>;' "v^O percent" to deJicrioe the part 
oi' the quesMonr which are answered correctly. The word "percent' 
la *ur.ed wnen a rat.!o in exprcGJ3ed w'.th a denominator or 100. 

:M.nety per.--:t me'inr- tha r.':lc rr: ,0 to 100 ur . 

The wo:"d "'per-cent" mean:; p.undro ]th:: , a t comes from the 
Latin c^hrase ^'por centa-b' w:-:ilch ::K^ani> '"t;. ..-^ hundred''. For 
convenience tne aymLol " ' ' ia a:jea r-r thi. '^ord "perct:nt", 
Thia av-iLOi : :• a :::;or' wiv :: cayln/ ' -..'rne:: y^" or "time^ 



1 . 0 r . 



■'0 



! > -. o .o: 0 . '0 

\-:\:':r a :'c e ru.: I '/a 1 e n - I'orma 



:at:ni.lerl trac t ion 



17. 



2. Express as decimals: 

17^. 25,*, 65,^, lO/., lOQ^, ISO-:, 200^' 



Exercises 10- 

..i v__ysAnS,.^9Ji3tred paper ^ that the Interior 

Is divided into 100 small squares . Write the letter A In 
each of 10 small squares . Write the letter B ^.j 20 of 
the squares. Write the letter C In 33 of the squares. 
Write the letter D In JO of the squares. Wrlt-^ the 
letter X in the remainder of the squares. 

a. What Is the ratio of the number of squares which contain 
the .letter A to the total number of squares? 

b. In what percent of the squares is the letter A? 

c. For each of the remaining letters B, C, D, and X, 
write the ratio of the number of squares which contain 
the letter to the total number of squares. Give each of 
these ratios in simplest form. 

d. Wl-iat' is the sum of the ratios in Parts (a) and (c)? 

e. In what percent of the squares is the letter B? 

f . In what percent oV the squares is t:he letter C? 

g. In what percent of the squares is the letter D'^ 

h. In what percent of the squar»es is the letter X? 

1. What is the sum of the percents of the squares containing 
the letters A, B, C, D, X? 

2. Copy the table below and fill in the blank spaces a:: shown in 

the first line . 

1 1 
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Copy the table below and fill in the blank spaces as shown in 
the first line . 



a 



0.5 0.50 '".01 30^ 



b . 4 4.00 400 X 0.01 



c 



0.78 0.78 



d. 0.9 

e. 8 

f. 1.2 



Florie has a weekly allowance of pO cents. One week she 
spends 12 cents for a pencJl, 10 ;encb for an ice cream 
cone, 15 cc ^s f.i Sunday School collection, and puts the 
rest in her piggy bank. 

a. Express the ratio of each amount to her total allowance, 
and express each of these ratios as a percent. 

b. Find the sum of the ratios. 

c. Find the sum of the percents . 

d. What do you observe about the answers above? 

TTie following boys and girls live on the same street. 
Edward Polly Mary Doug Mike 

; Sara Harry Ann Lars , Bill 

a. What percent of the total nurncer of children are boys? 

b. Wi-iat percent are girls'? 

c. What is the sum of ti:- tv;o percenta'? 

ine I'ollowl ng? 

'.'001 . 

'> have had lOOr' attendance for a week. 
.00* of the , momi'er^r: v;ero In ''^^vor- cl' a w:.cn:.c. 



V/hat lis meant by each o:' ini 
a. This fabric ic ICQ'*' v. 
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Percent is a convenient tool for t^-^ving information involving 
ratios . Athletic standings often are given in percent . Two 
seventh grade pupils discovered the reason for this use of 
percent as they talked about their neigiiborhood bast all teams. 
The boys were discussing the scores of their baseball teams. In 
the Little League the f ir j't boy's team won 15 games out of 20 
games played. The other boy's team won I8 out of 25 games. 
Which team had the better record? The second team won 5 more 
games, but the first team played fewer games. Look at the ratios 
of the number of games won to the number of games played for 
each team. The ratios |^ and i| are not easy to compare at 
a glance. Percent makes the comparison easy. 

The first team won of the games played: 



20 
15 , 75 



20 100 



= 75?^ 



The first team won 75?' of the games played 

18 

The second team won — of the games played: 



1( 



7Z< 



25 " 100 

The second team won 72^-' 01' the games played. 

The first team which won Tj- of its games had a higher 
standing ohan ::hG second team v.'hJcri v;on 72^.; of its games. /l- 
could say tha- 72^: < 75^, or > 72'^''. 



r^xe rc 1 s^ s 10- 



A Llttie League *.eam v/orv "' o':t oi' i'ir?.^. -j games r>. \ 

a. l^a!; perc^^-nl oV t:ho M-s*: -^^ gameri ci r Lho x.^.[v- win'? 
I.. V/hat perr^ont: c:' the t ga-^es dlo ^he \eam Iosp'- 



V/ha t ' t, m^' total o r 



art:: ( a ) anri 
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2\ Later in the season the team in Problem 1 had won 8 out 
of l6 games played . 

a. What was the percent of gam^s won at this time? 

b. Did the percent of gam'es v;on increase or decrease? 

5. At the end of the season, the team in Problem 1 had won 
26 games out of hO . 

a. What percent of the games played did the team win by the 
end of the season? 

b. How does this percent compare with the other two? 

\ » 

\ ' 
\ 

\ 

Information^ from business, industry, school. Scouts, and 
similar sources is often given in percent. Jt is often more 
convenient to . refer to the Information at some later time if it 
is given in percent than^if it is given in another form. 

A few years ago the director of a Boy Scout camp kept some 
records for future use. Some information was given' in percent, 
and some was not. ^The records gave the following items of 
information . 

(1) There were 200 boys in camp: 

(2) One hundred percent "of the boys were hungry for the 
I'^rst dinner at camp. 

i'f)) Fifteen percent of the boy:: fo9got t^ pack a toothbrush, 

and needed to buy one at camp. 
(U) On the se:iond day at camp ^'rk bo ^ caught fish. ^ 

(5) One boy Vfantec: to go home the first night, 

(6) A neigh-.-^crlng camp director said, "Forty percent of the 
uoys at our oamp v;ill learn to swim this pummer . V/e 
sriall teach '::2 boys to sw-^i ^ - 

Frofn (l) and (2), hov; many hungr;:,^ bc^. came to dinner 
the flrct day? 

Of course we knov/, without conputat Ion , that lOO^^ of 
anything is all of it. Then 100^' or 200 is 200. The ansv/er 
is ti-^^at 200 hungry boyr. c^ime to ainn^r the first day. 
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Prom {')), how many extra toochbrushes were needed? 
15?; means 15-^ or 

The ratio of boys without toothorushes to the total number 
of boys in camp is . This can be v/ritten v;here n 

is the number of toothbrushes needed . 

The ratio ^^^^^^ ratio since 15^' of the 

boys forgot to pack a toothbrush. V/e v/rite the proportion and 
solve it to answer the question. 

n _ 15 



200 100 
lOOn = 15 ' 200 

^ ^ 15 • 200 

100 

n :V0 

yO uoothbrushes v;erc needed. 

Statement: ( ^; ) sayo that ; boys caught fish. The' percen" 
of boys who caught fish can be found . The ratio of the -'^^'f boys 
to the 200 boys In camp is r-^. If y percent caught fish, 
this ratio is Since the ratios are equal, then 



:oo ~ ]00 
• ICQ - ;;00y 
. OOy - 'i"00 

. CO 

Then y perconr- :s ,_ j.'-'PccnL or V2" . 

' ^f ^he Loys caurrrc fl:;:i on the second day. 

F'rom 3 1 a r, ^ me I . ■ . ( ) ■ c a n .1 n d t: h e p e re e u o 1' the o oy s wn o 
'■^ro homesick. One Loy wanoed i:o r^" no.nc '^-..c f'.^st nigh;.. So 
o r-^rm Uhe rai:io or ori'-: boy t:c ;:no loval nur;i:.c-r of boys, or 

7757^ ' -i-- perconi v;an^er] to ro r.o:n(- . v;e have the ratio -r^^ . 

. 100 



iy^^ 
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These are equal, so 

1 _ V 

d05 loo 

200v ' = 100 
1 

V = ^ 

Then ^ of the boy wanted to go home. This may be read, 
"one-half percent" or '..e-half of one percent", preferably the 
latter. 

Be sure that you know the-dif f orence between and , 

1 ^50 
Other names for — are .5, -j— , 50^. 



1 



1 2 1 S 

Other names for ^ are ^ygo" ' 200 ' IW ' '^^ ' 

Which is the larger number, ^ or ? Since - ^ - 1 



2 2' - . 2 100 

so that "1^^= 2^ that i is 'greater than , 

Statement (6) of the camp problem says that 40^ of the 
boys in a neighboring camp v;ould learn to swim; also, that 32 
boys would learn to swim , Hov; many boys are in the neighboring 
camp? The ratio- of the nu^nber jof new swimmers to tfte number of 

boys in the"^ ^ camp is where n -is the number of boys in 

^ Ho 
tneir entire camp. The ratio is also -^qq • These tv;o ratios 

name the sarne number, ro 

no ,32 
100 "* n 

Hon = 5200 

n - "iO 

'There v;ere HO boys in the neighboring ca^p . 
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9 

Now you have had examples of all the kinds of problem:, which 
will arise for you in percent . 

Notice that each kind of pi*oblem , although very different, was 
solved by writing a proportion. We solved 

~ Too ' 



^ 100 ' 200 ^ Too ' Too 

In each case we found two different name?, for the same l atio and 
solved the proportion. One of the ratios was always a fraction 
with denominator 100. There was always one unknown number, but 
it appeared in different places. Yet our method oJ solution of 
the proportion was always the same . 



Exercises lO-^g 
(Class Discussion) 

Usually o?,; of the p^.pils who buy season passes to school 
events fail to use tnem . If 2^0 pupil n bought passes, how 
many pupils probably will not use them? Use these steps in 
solving the problem. 

Q 

a. Explain where comes from in setting up the solution 
of this problem . 

b. Explain where ^ comes from, if n is the number of 
pupils who probably will not use their passes. 

c . Explain why ^ = ^ . 

d. Find the value of n v;hich makes the statement in (c) 
true, 

e, V/ould you accept an an5:wer of 200 as sensible? Wliy? 



1 
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2. There were j500 boys In the school and 120 signed up for 
track (practice , What percent signed up for track: 
- a. What is the ratio of the number of boys who signed up 
for tra^k to the total number of boys in^ the school? 
b . Call x''* the percent of boys who slfcned t^D for 
track., 

c. Write a fraction for (b) using 100 as the denominator. 

d. Write the statement that the ratios in (a) and (c) 
name the same number. 

e. Find the value of x which makes the statement in (d) 
true . 

f . Answer the question in the problem. 

Is your answer a sensible ajiswer for the problem? 



Exercises lO-ge 
Problems 1-5 all refer to the same Junior high school. 

1. There 600 seventh grade pupils in a Junior high school. 
Th^ priaMpal plans to divide the pupils into 20 sections 
of equa" .-"jize . 

a. How iTiany pupils will be in each section? 

b. What percent of the pupils will be j.n each section? 

c . How many pupils are 1^^ oi the number of pupils in the 
seventh grade? 

d. How many pupils are 10?- of the nurrber of pupils in the 
seventh grade? 

2. Suppose one section contains 56 pupils. What pe nt of the 
seventh grade pupils are in that r; ction? 

One hun^ired fifty seventh grade pupils cone to school on the 
school Lus . 

a . V.Tiai oerceni of '^he seventh grade pupils come by school 



b. V/h:it percent: 01' u.it- seventh grade pupTi.' come to school 
hv vorr.e other rr^ cans'? 
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4. In a class of [^0 pupils, J were tardy one day. 

a. What fractional part of the class do the tardy pupils 
represent? 

b . What percent of the class was tardy? 

5. One day the prlncipa: said, "Fonr per- »t of the ninth graders 
are absent today." The list of absentees had 22 names of 
ninth graders on it. From these tv/o pieces of information 
find the number of ninth grade pupils in the school. 

6. Fiud the missing number n which will make each of the 
foi: owing statements true. First write a proportion, and 
then solve it by the method you h-^.ve just learned. 

a. 505^^ of 75 is n. 

b . n percent of '^3 1^ 12 . 

c. 130 is J^^, of n. 

d. 123^ of n is 100. 

e. n is 29^ of 2^0. 

f. 2 is n percent of ., 40. 

g . 50 is n percent of 25 . 

7. BRAINBUSTER. My brotiier had $72. This was 500?^ of what 

2 

I had. My brother gave me — of his money. Now I have 
300^ of .ny brother's mone/. How much money do I have now? 



10-4. Ratio as_ a Percent . £ Decimal , a Fraction . 

There are four common ways of expressing the same ratio. 
You should be able to use ar^y of these. They are: a fraction 
in simplest form, a fraction : th 100 as the denominator, a 
decimal, and a per-.^ent . It is necessary to be skillful ' n 
writing different names for the ^j^me ratio In order to be free 
to choose the most useful I'orm, 
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Exercl3us 10- 4a 
(Class Discussion) 

you wish to write a percent as a decima] you may follow these 
steps . 

Example 1 . 655^ = 65 x 0.01 - O.65 

Example 2 . 12^^ = 12.5 x 0.01 = 0.125 

1. Express the following as decimals: 11^ y 2fo , 65??, 
115^. 

To write a percent as a fraction in simplest form, you may follow 
these steps . 

Example 1 . G^^ = 65 x ^-i^ = ^ = |2 

ExanjEle 2 . 12|^ = x ^ = ^ x ^ = ^ = ^ 

■ Example 1- 125^ = ^^S x = ^ = = | 

2. Express the . following as fractions in simplest form: 
10^, 5%, 65^. 110?^, 20C^. 

To write a decimal an a percent you may follow these steps: 



Example 


1^. 


0, 


.25 


= 23?' 


or 


0.25 


„ 23 
ICQ 


235s 


Example 


2 . 


C, 


.05 




or 


0.05 


^ 5 ^ 
" 100 


5^ 


Example 


5 . 


0, 


.472 


- 47.2JO 


or 


0.^172 


47 .2 
~ 1 00 


= 47.2^ 



Name the follov;ing as percents: .^5, .045, ^.5, .-^^25, 
4.25. 



To write a fraction as a percent, find an equivalent fraction 
with denominator 100. Its numerator is the required percent. 
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1 X 100 = 5 X n 



100 



n = 



1 



Example 2 . What percent Is 

-5- = ^ 

13 100 

5 X 100 = 13 X n 

n - 500 _ ^o6 

384 



^° A- = ^05^ = 58j|^- 

S.lr e fractions jc.n be written as decimals by Just carrying out 
the indicated division, we could have done the previous examples 
this way. 

Example 1. i = 0 .333 = 33^^^ . 

Example 2. ^ a .385 = 38^5 x 0.01 = 38.5^. 

Note that it is necessai^ to use the "approximately equal" 
sign. Since the decimal for ^ does not terminate, A. is 
not exactly the same as O.385. The equal sign cannot be used. 
The two wavy lines » are used to mean "approximately equal". 
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Exercises 10 - 4b 
Write the following fractions in the- form indicated: 

^- ¥ " Too ~ ' ^-20 100 — 

^ r 1. - JL. - 0 ^, 

°- 5 " Too ~ 2^ ~ 100 — 

7 ? 17 ? 0 

° • To " TUO " ^ ^ S • 20 = TOO " 



^- 25 ~ 100 - — "-5 100 — 

Write the following fr''ctioriS in decimal form. RouncJ to the 
nearest hundredth. 

a. i, e. 4- 

c. § S- 

Write the percent form cf the decimal^ in Problem' 2. Notice 
that v;hen yor round to the nearest hundredth In a decimal, 
the percent . orm is : unded to the nearest whole percent. 

V/rite the :oi:ov/ing fractions in decimal form. Round to the 
nearest thousandth. 



e . 



5 



:> ■ 

8 ^ 1^6 

c. h- 

5. Write the percent form of the decimals in Problem . To what: 
place do you round n decimal v/hen you v;ish the percent form 
to be rounded to the near.-r>t r,enth of a percent^ 
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If one of the fou.r common ways ci' expresr^-r.r -i ratio 
given, you can find the other r.hreo . 



Example 1, 0.28 ^ = 2cr^ - t^- 



Jx ampl e 2. 7.--^" 0/72 '~ 



100 



Example J . - 



100 



O.-O - -0" 



l^i 



Example 



100 



Example 2- 



100 



^ - .0; 



19 
100 



In Example 5 nad orily ihree corTirnon v;^y:: oi' expressing t;nc 

Too ^-"^ ^ 

in simoles t form ard i'rac v, ici)i: v/.l i 



ratios because 



J 00 a5 r.he deno::ilr^.tGr . 



0'7 O 

o 

ERIC 



Exercises 10-4c 
1. Fill \n the missing numerals in the chart below. The 

completed chart vfill be helpful to yov in future lessons. 



Pra 
Simt 


4-. . 1 

Lction in 
)lest form 


Hundred 
as Denominator 


Decimal 


Percent 


a. 


1 
? 


50 


• 50 


50% 


b. 


1 
T 








c. 










d. 






.20 




e . 










f . 




60 
Too 

-L W W 






S- 
















.31 




i. 










i 




i 


.66 




k. 


3 








1. 






.10 




liU 








90% 




1 
B" 








o . 




300 
100 






p- 






• 375 ' 




q. 








150% 


r. 




62^ 
"TOO" 




\ 


s • 






.01 




t. 


7 
E 








u* 








100*^ 


. V. 




106 


/ 




w. 


5 









37^ 

1 r, n 

^/ O 
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2. ' Draw a number line an\^ at points about 5 inches apart mark 
' 0 and 100%. 

a. Locate the following percent s from Problem 1 on this line. 
Estimate their posi'^ions and mark the percent names below 
the line, a, h, c| d, e, f, g, h, n, p, t, w. 

b. Mark these fractions above the appropriate points on the 
line. 

11121337^ 235 
5^ "J^ 5^ P 5' "S"' ^* 

3. Using squared paper, draw 5 large squares each containing' 
100 small squares. By proper shading show* the percents in 
b, d, 1, p, s of Problem 1. 

4. What fraction in simplest fom is another numeral for 
a. -32% b. 90% 

5< Express the following as percents. 

a. ^ b. ^ c. |§ 



■c. 120^ 

^- TO 



10-5 • Applications of Percent . 

Percent is used to express ratios of numerical quantities in 
everyday experience. It is important for you to understand the 
idea of percent, the way it is written, and, also, to be accurate 
in working with percent. 

Budgets . 

A budget is a plan for spending money. Families use budgets 
to help them work out how their money will be spent for food, 
housing, personal needs, savings and other things. Governments, 
businesses, and school systems all have budgets to show how they 
plan. to spend their inccmes. Boys and girls in school often 
have budgets, too - 

Suppose a family had a monthly income of $410 after taxes. 
The family budget allowed 32% for food. How much money is 
32% of $klO? 



10-5 



The problem is to find m, the number of dollars allowed 
for food. The ratio is known. Tell why this is known. 

The ratio is another way to express the ratio of the 

number of dollars allowed for food to the number of dollars of 
income . Then 

2. 100m = 32 X 410 Explain this step. 

5- m= -^^QQ^ Explain this step. 

4. m = 151.20 

$151.20 is the amount allowed for food. 

Suppose the family rents an apartment for $78 per month. 
What percent of the family income of $410 per month is. spent 
for rent? The problem is to find the percent of income, spent 
for rent . Let us call this ratio . The known ratio is 

no -^^^ 1 

-q;^. Notice that this is about or about ^. A good estimate 

then, is about 20^. It is always sensible to estimate the 

answer before you work the problem . 



r 



78 



78 X 100 
^ = — ifTo 

r « 19.02 

The percent' of income spent for rent is about 19^. 

The wavy lines « mean that r ±3 not exactly the same as 
19.02 since the decimal does not terminate in the hundredths 
place. The value . 19.02 is an approximation for r. The rounded 
answer I99S is close enough for practical p jrpost's . 
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Exercises 10->5a 
Siaggested Budget for a Family of Four 



Take -home pay- 


$300 per mo. 


$350 per mo . 


$450 per mo. 


$550 per mo. 


Pood 


30 % 


27% 


22% 


22% 


Housing 


30 % 


28% 


28% 


28 % 


Personal needs 


13% 


13% 


12% 


12% 


Transportation 


7% 


7% 


9% 


9% 


Sdvlngs, Taxes 


5% 


10% 


16% 


16% 


Others 


15% 


15% 


13% 


13% 


Total 


100% 


100 % 


100% 


100% 



1. Why should each column total 100%? 

2. What percent of the $450 budget is allowed for food? 

3. a. Write the ratio in Problem 2 as a fraction with 100 as 

the denominator • 

b. Use f to stand for the number of dollars allowed for 
food, and write the ratio of f to $450. 

c. 22% is about ^. Use this to estimate the amount oi' 
money spent on food out of a $450 income. 

d. . Use the ratios in (a) and (b) to write a proportion and 

find the nijunber, f . 

e. Check your answer with the estimate in (x:) , 

4. a. Write the percent of the $550 income which is allowed 

for the item called "Savin^.s, Taxes", 
b. Find the number of dollars of the $550 income which are 

allowed for Savings, Taxes, 
'c. Notice that l6% is between 10% and 20%. Then it 

is between and ^. How can you use this information 

to checjc your answer? 

5. What amount, according to the table, is allowed for personal 
needs from an income of $300? 

6. Find the amount allowed for transportation when the income 
is $350. 
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7. . Find the amount allowed for housing when the income is $450 

a month. 

8. Find the amount allowed for savings and taxes when the income 
is $500 per month . 

9. The Hughes family of 4 has a monthly income of $575 after 
taxes. The amount this family spends for housing averages 
$150 a month. Find the percent of their Income that they 
use for housing, to the nearest whole percent. Compare it 
with the percent allowed in the table for an income of $550. 

*10. An apartment for a family of 5 rents for $95 a month. If 
the family plans to spend 2^% of the monthly Income for 
rent, what monthly income does the family need? 



Commissions and Discounts 

People who work as salesmen often are paid a commission 
instead of a salary. The money they earn depends upon the sales 
they make. A salesman, for example, may be paid a commission of 
25?^ of the selling price of the merchandise that he sells . 1/ 
he. sells $12,000 worth, his commission is 25?o of $12,000. 

If c represents the number of dollars earned, then the 
ratio of the number of dollars earned to the number of dollars of 
sales is f2^000 ' '^^^ commission ratio is Yoq---^'^ 

_ 25_ 



12,000 100 

100c = 25 X 12,000 

_ 300,000 
^ " 100 

c = 3,000 

The salesman earns $3^000 on his sales of $12,000. 
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The numbers in^this problem are easy and you probably could 
think 25% is \ and ^ of $12,000 is $5 ..000. Other 
situations will use numbers v^hich do not lend themselves to short 
cuts. Hence, the above example was solved in the general way. 

Sometimes the percent of the selling price which gives the 
commission is called the rate of the commission. 

Definition : Commission is the payment, often based on a percent 
of the selling price , that -^.s paid to a salesman for 
his services r 

Merchants sometimes sell articles at a discount . During a 
sale, an advertisement stated "All coats will be sold at a 
discount of 505^. " A coat marked ^jyo.OO then has a disccunt of 
50^ ' of $70,00 or $21.00. . Tne sale p rice (sometimes called the 
net pri ce) is $70.^00 ~ $21.00 or $49.00. 

D efinition : Discoun t is the amount subtracced from the marked 
price . 

Definition : Sale price or net price is the marked price less the 
discount . 

This relationship can be pictured as follows: 



Sale' Price 



Discount 



Marked Price 



or 



Sale Price + Discount = Marked Price 



Marked Price - Discount = Sale Price 
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Example ; Find the -sale price of a coat marked $80 if there 
is a discount of 50^. Choose d to represeriL the 
number of dollars in this discount. 



d 

Ho 



20. 



lOOd 



100 
2400 



d 



2400 
100 



d 



The discount is $24. 

The sale price is $80 - $24 or $56. 



Exercises lO"5b 



In the following problems it may be necessary to round some 
answers. Round money answers to the nearest cent, and round 
percent answers to the nearest tenth of a percent. 

1. On an examination there was a total of 40 problems. The 
teacher considered all of the problems of equal value, and 
assigned grades by percent . How many correct answers, were 
indicated, by the following grades? 

a. 100^ b. QOfo c. 50^ d. 65^ 

2. On the examination in Problem 1, what percent did the 
following students recr.Lve? Each grade is based on a total 
of 40 problems. 

a. Emma: All problems worked, but 10 an;:>rers wrong. 

b. ( Muriel: 56 problems worked, all answers correct. ' 

c. Don: 20 problems worked, 2 answers wrong. . 

d. Bill: 1 problem not answered,, and 1 answer wrong. 

5. If the sales tax in a certain state is 4^ of the purchase 
price, what tax is collected on the following purchases? 

■ a. A dress selling for $17-50 
b. A bicycle selling for $49.50 
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4. A real estate agent receives a commission 6f 5%for any sale 
that he makes. What is his commission on the sale of a house 
for $27,500? 

5. The real estate agent in Problem k wishes to earn an annual 
income of at least $9,000 from his commissions. To earn 
this income, what must his yearly sales total? 

6. A salesman who sells vacuum cleaners earns a commission of 
$25.50 on each one sold. If the selling price of the 
cleaner is $85.00 what is the rate of commission for the 
salesman? 

7. Sometimes the rate of commission is very small. Salesmen for 
heavy machinery often may receive a commission of 1%. If, 
in one year, such a salesman/ sells a machine to an .industrial 
plant for $658,000 and another machine for $^82,000, has he 
earned a good income for the year? What is the income? 

8. A sports store advertised a sale of football equipment. The 
sale discount was 27%. 

a. What was the sale price of a football marked at $5.98? 

b. What was the sale price of a helmet if the marked price 
was $3.75? 

9. In Lincoln High School there are 380 seventh grade pupils, 
385 eighth grade pupils, and 352 ninth grade pupils. 

a. What is the total enrollment of the school? 

b. What percent of the enrollment is in the seventh grade? 

c. What percent of the enrollment is in the eighth grade? 

d. What percent of the enrollment is in the ninth grade? 

e. What is the sum of the answers to b, c, and d? 

10. Mr. Martin kept a record of the amounts of money his far.xj-ly 
• paid in sales tax. At the end of one year he found that the 
total was $96.00 for the year. If the sales tax rate was 
4%, what was the total amount of taxable purchases made by the 
Martin family during the year? 

''too 
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Percents Used for Comparison 

In some of the problems we have met, the percents were not 
whole percents'. 'The fraction ^ changed to percent is 12^. 
Also, you have used ^ and have learned that ^ % may be read 
i of Decimal percents such as 0.7^ are also used. 

0.7^ = 0-7 X ^ = = = 0.007 

These are all names for the same number. If we wish to find 
0.75^- of $500, we need to find n so that 

n _ O/T 
^ 500 100 

lOOn =210 
n = 2.10 

0.75^ of $500 ' is $2.10 

(0.7J^ is less than 1^. Since 1^ of $500 is $5-00, the 
answer $2.10 is sensible.) 

Suppose that we wish to fina 2.5^ of $500. 

'^•^^ 100 

Find the number x 
such that 



X 


= 2^ 


500 


100 


lOOx 


= 1150 


X 


= 11.50 



^ 2^.55^ of $500 is $11.50 

Th.e game of baseball uses percent for making comparisons 
A baseball batting "average" for a player is the ratio of the * 
number of hits the player made to his number of times at bat . 
•This ratio is expressed as a decimal and rounded to the nearest 
thousandth. The batting average can be considered as a percent 
expressed to the nearest tenth of a percent . If the player has 
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23 hits out of 71 times at bat, his batting average is 

or -524.. This is 52. 4^?;. In newspaper reports the decimal 

point in . .524 is often omitted in order to save space. 

Sometimes, grades are called for to the nearest tenth of a • 
percent . A teacher may be asked v/hat percent of the number of 
marks in his -class are B's. Suppose he issued I65 marks, 55 
of them B's. He wishes to find x such that 

100 T53 
165X = 5500 

X = 21 .47 ... 

In the chapter on decimal notation you learned how to round 
decimals. If the percent is called for to the nearest tenth of a 
percent, 21.47 ... is rounded to 21.5^. 



Find the batting averages of thq 
best average? Give answers as 
percents rounded to the nearest 



Player 

George 
iMax 
Bill 
Tom 



Exercises 10-5c 

se four players . Who has the 
5 place decimals and as 
tenth of a percent . 

bat Hits 



Times at 



65' 

73 
60 



19 
22 
21 

21 



A nut growei? has found that 4.6^ of the nuts that he grows 
can be expected to be below standard. At this rate, how many- 
pounds of nuts will be below standard in a bag weighing 80 
pounds? Express your answer to the nearest tenth of a pound. 
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When Mr. Davis built his new home, he found that the cost of 
the land was 18.59^ the cost of the house. If the land 
cost $5,350, what was the cost of the house? 

The Lewis family has an income of $5,200 a year. If they 
save $^50 a year, what percent of their income is this? 
Express your answer to the nearest tenth of a percent. 



Percents of Increase and Decrease 

Central City had a population of 52,000 (rounded to the 
•nearest thousand) in 1950. The population increased to 40,000 
by i960. What was the percent of increase? 

The "percent of increase" asks for the 'ratio of the amount of 
increase to the original amount . In this case the increase is 
40,000 - 52,000 or 8,000. The original population, or the 
population in the beginning, was 52,000. The problem is to find 
g so that 

8,000 



00 " 52,000 

_ 8,000 X 100 
^ " 52,000 

g = 25 

The percent of increase was 25^. 



Notice that the percent of increase compares the actual increase 
to tne original or earlier population number. 



\ 



32,000 



8,000* 



lOO-^o 



Z5% 



40.000 
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Hill City had a population of 15,000 in 1950. If the 
population in i960 was 12,000, what was the percent of 
decrease? The actual decrease is 15,000 - 12,000 = 5,000. 
If X represents the percent of decrease, then 

X _ 3yOOO 
^ T5o 15,000 

15,000x = 500,000 

500,000 



X = 



X = 



15,000 
20 



The, percent of decrease was 20^. Notice that the population 
decrease is computed by comparing the actual decrease with the 
original or earlier population figure. 



15.000 



80% 



20% 



12,000 



-^-<-3,000-^ 



If th€^ rents in an apartment house are increased 5^, each 
tenant can compute his new rent . Suppose that a tenant is paying 
$80 for rent. What must he pay in rent after the ' increase? 
If X , represents the increase in rent, then 

X _ 5 
Ho 100 

lOOx = 400 
X = 4 

The increase is $4.00 

The new rent will be $80 + $4 = $84. 
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Exercises 10->5c[ 

1. There were I76 pupils in 5 mathematics classes. The 
semester marks of the pupils were A, 20; 37; C,.65; 40; 
E,l4. Give answers to the nearest tenth peroc;n-c. 

a. What percent of the, marks were; A? 

b. What percent of the marks were ;B? 
c- What percent of the Tnarks were C? 

d. What percent of the marks were D? 

e. What J, -^rcent of the marks were E? 

f. Whati is the s\im of the answers in parts a, b, c, 
e? Does this sum help you check your answers? 

2. m Bob's weight increased dioring the school year from 65 pounds 

to 78 pounds. What was the percent of increase? 

3. * During the same ye^r, Bob-»s mother reduced her weight from 

160 pounds to l44 pounds. What was the percent of 
decrease? 

4. The enrollment in a Junior high school was 1240 in 1959. 
In 1962 the enrollment had increased 257o. What was the 
enrollment in 1962? 

5. Jean earned $14.00 during August. In September she earned 
only $9.50. What was the percent of decrease in her earn- 
ings? 

6. A salesman of heavy machinery earned a commission of $4,850 
on the sale of a machine for $970,000. 

a. Find his rate of commission. 

b. What can he expect as his commission for the sale of 
another machine for $847,500? 

7. ' James was 5 ft. tall in September. In the following Jione 

his height was 5 ft. 5 ir.. Both heights were measured to 
the nearest inch. What was the percent of increase, in his 
height? 
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8. Do you know what your height was at the beginning of the 
school year? Do you know what It is now? Do you know what 
your weight wais at the beginning of the school year? Now? 

a. \ What is the percent of increase in your height since last 

September? ^"^'~^* 

b. What is the percent of increase in your weight since last 
September? \ 

9. A baseball player made 25 hits out of 85 times at bat. 
Another player made ^2 hits out of 1^5 times at bat. 

a. What is the. batting average of each player? 

■ b. Which player has the better record? 

10.. An elementary school had an enrollment of 79C pupils in 

September, i960. In September, I96I,. the enrollment was 
1012. What was the percent of increase in enrollment?, 

11 . On the f irat day of school a Junior high school had an 

enrollment oT IO50 pupils. One month later the enrollment 
was, 1200, What was the percent of increase to the nearest 
tenth of a percent? / • 

13. One week the school lunchroom receipts were $^50. The 

following week the amount was $^25. What was the percent of 
decrease to the nearest tenth of a percent? 

13. A baby's weight usually increases 100^ in his first six 
months of life. * 

a. What should a baby weigh at six months, if its weight at 
birth was 7 lb. 9 oz.? 

b. Suppose that the baby in Part Xa) weighs 17 lbs. at the 
age of f^ix months . What is the percent of increase to the 
nearest percent? 

14. During I96O a family sr?nt $1,^90 on, food. In 196I the 
same family spent $1,950 on food. What was the percent of 
increase In the money spent for food ' :> the pearest percent? 
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*15. During 1958 the owner of a business found that sales were 
below noraal . The owner announced to his employees that all 
' wages for 1959 would be cut 20$^. By the end of ' 1959 
the owner noted that sales had returned to the 1957 levels. 
The owner then announced to the employees that .the I960 
wages would be increased 20^ over those of 1959- 

Which of the following statements is true? 

a. The I960 wages are the same as the 1958 wages. 

b. The i960 wages are less than the ,1958 wages. 

c. The i960 wages are more than the 1958 wages » 

Interest 

The charging and payment of interest are important in business 
affairs. You may have noticed this. Savings banks advertise that . 
they pay or on savings. Lending companies advertise that 

they will lend money at 6^ or 1% . The numbers-, change but the 
ideas of percent remain the same . 

Everyone knows that if you live in a house or apartment which 
belongs to someone else you pay for this privilege. The fee you 
pay is called rent . . 

In the same way, if you arrange to use money which belongs to 
someone else., you pay for this privilege. The fee you pay is 
called ! interest . If you have money in a savings account, you 
receive the interest, for then you are the rlender. The rate of 
interest when expressed as a percent is usually considered the 
rate for one year. ' 

The amount of money upon which the interest is paid is called 
fche principal . The ratio of the interest to the principal is r 
called ttii' percent (or rate ) of interest .. 
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Example : 



At the end of the year Marie received $13.50 
interest on her savings account of $450. Her 
bank paid 3% on savings for one year. 
$450 is the principal. $13.50 is the interest , 
3 % is^ the rate. 

a. How do you find the rate when you know the 
interest and the principal? The rate is a 
percent. Let represent the ratio. 

This is the same as the ratio of interest 
to principal. So 



r 



13.50 



r = 



13.50 X 100 





r = 3 

The rate Is 3%, 
b. How do you find the interest when you know the 
rate and the principal? 

The interest is n 



The rate is 3% or 



dollars and the ratio of the interest to the 
n 



principal is 



TO ' 

3 _ n 



3 X 450 _ ^ 
100 " " 



13.50 = n 
The interest is $13.50 
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How do" you I'ind the rrincipal when you know 
the rate and the interest? 

The rate is -yf, or . The interest is 

^15.50 and the ratio of the interest to the 
principal, p dollars, is 



13.50 
P 



3 1*^.50 



P 



3P = 1350 
p = ^50 
The principal is, ^^50 . 

Exercises 10-5e 

1, Find the interest for one year on $1,800 at 4^. 

2. What is the rate if the interest for one year on $1,250 is 

• $75? ' '.^1. " . ^ 

5.. What ^ount of interest will $900 earn -in a year at 3^^ ? 

4. What principal will earn $^2.50 in p, yea.- at 5^? \ 

5. Find the interest on $250 at 4^ for a year. . 

6. Find the interest earned in one year on $3^500 at . 3^. 

7. The. interest for one year on $800 is $28. What is the 
^-ate? 

8 . Mildred earned $1 .80 in one year . on a sum of money she 

deposited at , 4^5^ . 'How much did she deposit? (That is, find 
the principal.) 

9. Veryl deposited 4^350 in a bank which paid 4^ interest 
"per year. At the end of the year she decided to leave her 
interest in the bank. How mjch did she then have,^ altogether, 
in her account? 
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♦10. In Problem 9^ Veryl kept her money in the; same bank for 

another year. How much did she then have at the end of this 
second year? 



10-6. Summary . 

.In order to prepare for the ideas of percent, you. learned 
* about ratio and proportion. You will use the principles of ratio 
and proportion in your later work in geometry and in numerous 
applications to science problems as well as to problems of 
business. 

Percent is widely used in practical affairs. Everyone must 
know how to deal with problems involving percent . Only selected 
examples of the use of percent can be included in this chapter, 
but any perb^nt problem can be solved by the methods developed 
in this chapter. All you need to know is how to translate the 
facts of the problem into a proportion and then solve the / 
proportion 

The rativp of a number c to a number -d. (d 0) is the 
quotient \ 

The Comparison Property : If |^ = 3* 0> d y 0) then 

} ^ . a » d =^ b c . 

'**"" ' a 

Any fraction, ^, can be. expressed as. a percent by finding . 

. c so that I = = c^. 

Any fraction, ^, can be written in decimal form and then 
expressed as a percent by finding c so' that -g- = c x .01 = c %. 

The sign « means approximately equal . 

A budget is a plan for spending money. The ratios of the 

separate parts to the total income are often expressed as percents . 

-■ ■ " ' ■ >♦ 
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A commission is the payment "co a salesman for his service 
Is often based on a percent of the amount of his sales . 

A discount is the amount subtracted from the marked price 

The sale price is the marked price less the discount. 

The percent of increase pr decrease is the rat:* of the 
amount of increase or decrease to the original amount . 

Interest is a fee paid for the use of money. 

The principal is the amount of money on which interest is 
paid^. It is the amount borirowed or loaned. 

The rate of interest is the ratio of the interest to the 
principal. The rate of interest is stated as a percent. 



10-7. Chapter Review . 

Exercises 10*7 

1. Write the ra.tio of ' . 
. a. 22 to 24 

b', 65 to 56 

2. Which of the following ratios are equal? 

22 8 ' , 48 54 

a- IT ' ^' 1^ ' iH 
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5. In each of the following, find the number for c which will 
make the statement true. ' . 

^ " f c " 75 

• 90 50 " 100 c 

4. A picture 4 inches wide and 4^ inches high must be 
reduced to fit a 2 ihch newspaper column. How high will the 
picture in the newspaperese? 

5. * A triangle has sides of length 11. inches, 8 inches, and 

6 inches. In another triangle, the measures of the sides 
have the same ratio. The shortest side of the second 
triangle is . 9 inches in length. Find the length of each of 
the other sides . 

6. Write the following as percents. ' ' 

' a. .02 b. .955 ^ " f ^* H 

. 7. The monthly take-home piay for the Donovan family is ,$400. 

The payment on the mortgage for their house is $80 a month. 
What percent of the Donovan income is ne^"ded to pay the 
mortgage? . • ^ 

8.. If the 4^ sales tax on a new car was $l68, what was the 
; price of the car, not including the tax? 

9r The records of Central High School show that about 1^ . pf 
the students can be .expected to buy the yearbook. The 
enrollment this year is I862. How many pupils can be 
expected to buy the book this year? 

10. Mr. Stephens earns a commission of 40^ of his sales. Hi's 
sales in October arnounted to $2,450. What was his commission 

' in October? 

I . , ' ' ' • 

11. \Boys* sweaters rrtarked at $12.00 were on sale at a discount ^ 

\of 50^. Find the sale price. • " 

12. when calls on coin telephones increased in price from' 5 cents 
\o 10 cents, what was the percent of increasja? 
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15 . State the property of equal rational' numbers which is useful 
in solving a proportion. 
Use ^ ^ ^ your statement. 

ih. The baseball team of Room IO6 won I5 games of the I6 the 
boys played. The Room 107 team won 15 games of the 18 
they played. Which team had the better record? 

15. Find the interest on $ly050 at 5^ for one ye^r.- 



iO-8. Cumulative Review . 

Exercises 10-8 

1 . True or False : 

a. Every number can be completely factored in only, one way. 

b . In the base twelve system 7x9 = ^^tvielve ' 

c. The numeral "^f" (four) has the same meaning in the 
base five system of numeration as in the base ten system 
of numeration . ^ 

2. In which base has this multiplication been performed? 

125 

1101 
TI325* ' 

5. Write the numeral for 17 in 

a. Base five 

b . Base eight , " , 

c . Base two ' ■ . ' ' ^' 

k. Use the associative property of multiplication so that this 
product can be found easily: 

. 51 • 5 • 2 
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5. Write the following statements in words: 

/ 

a. ' 8 < 12 I , ' 

b. 5^ > 52 

C 5 > 5 > 2 

6, State the commutative property for addition using the symbols 
a and b for any whole numbers . 

7. The following points are suggested by objects in your. kitchen 
Polntr. A is Quggp^ed by the refrigerator handle. Point B 

* is ;8Ugfc;e8ted by a foot of the kitchen table. Point C is 
suggested by the faucet on your kitchen sink. 

a. How many different planes contain A and B? 

b. How many different lines contain A and C? 

c. How many different planes contain A, B, and C? 

8, In each case, describe the union of the two sets given below: 

a- The set of pioints on the ^ ^ a\ 

C side of and the A XE 




B 



6ide of CD. 



b. The set of points on AB . b"" % 

and the set of points on. 
Act 

9. Write the lar^^r of ea^?h,-of the following pairs. 

^ • F ' To 

K 67 . 

b. 15, -g- 

10. Perform the following operations, 
Pi. (6.04 + 5.07:^0 - 2.909 
b. (8.526 - 5,041)- 2.998 
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11. Write the following as percents , 

a- 5 " °- § 

b. .026 d, I 

12. The Pairlawn basketball team won l8 games of the first 25 
played . The team won 5 of the next 9 games". Did the 

I ' team improve its record? 

13.. Perform the indicated operations and simplify: 

a. ^ X 7 ■ f . i T 2 

b. . 4 X ^ g. 6 ~ I 

^ 1.1 h 5 • c 

°- 2~2 ^- 

d. f xf - i. 10-1 - ' 



e . 



ll^, . Find the following products, 

a, ,25 X .03 , 

b , .002 X ,7 

c , 1 ,2 X ,35 

d, 3.26 X ,04 

15, Find the following quotients, 

a. ,0312 -f .3 

b, 2,35 -f 5 

c ,, 12,08 ~ ,08 
d. .612 -f ,4 
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counting numbers, 73-74, 92, 102, .105, 106, 107, 108; 109, 



153, 166, 178 



curve, 258 

broken-lin^, 258 
simple closed, 258' 




decimals 

a«afaition of, 315-316, 339 
division of, 321-.323, 339 
expanded form, 312, 339 
expressed as a percent, 370 
multiplication of, 319, 339 
notation, 309, 312, 339 
numerals, 21 
places, 309 

point, 309 ' n i ooo 

rational numbers as decimals, 325-332 

repeating, 326-332, 3^0 

rounding, 335-337, 3^0 
, subtraction of, 317, 339 

system, 21, 22, 23, 65 
denominator, 208, 276, 280 
digits, 22, 65 ^ 
discounts, 378-380 

distributive property, 86-90, 91, 110 
divisibility, .166-172, I78 

by- two, 167 i, 171 

by three, 1^9, 171 

• by four, 17P, ex.6. 17I 
by five, I69, ex. 4, I7I 
by nine, 170, ex. 5, 171 
by ten, I69, ex. 3, 171 

. tests for, 171-172, 178 
divisible, vl66, I68 
.division 

in. base five, 53 

meaning of, 192^19^ 

of decimals, 321-323, 339 \ ,^^,q 
.' of rational niimbers, 192-19^, 216-21b 

on the number line, 272-273 
duodecimal system, 59-60, ^5 
Egyptian numerals, I7-I8 
elements of a set. 70, 110, 13^, 250 
empty set, 13^, 147 
endpoint, 236 _ 
• equivalent fractions, 211-212, 297-298 . 
EL^atosthejies, siisve of, 155 
Euclid, 113 

Euclidean geometry, 113 
even niimber, 75, 167 
expanded form, 27-29, 65 

* in base five, 4o 

in decimals, 312 , 
exponent, 31-32, 65 66 ; 
exterior '< ' , . , 

of angle, 248 \ 

of simple closed curve, 259 

of triangle, 25I . ' ^ 



factor, '31, $6, 16O-166, 178, 179 

common fadtor, loi^, 179 
fractions, I85, 189--190, 302 
. comparison. of , 278, 280, 281-282 
complex, 294-296, 302 
definition, I89 
, equivalent, 211-212, 297-298 
\ expressed as decimals, 371, 391 
' expressed as mixpd numbers, 287-??88 
expressed -^as percents, 370, 391 
improper, 284, 302 
proper, 284, 302 
Ga'uss^- Karl -Friedrich, 5 
geometric line, 116,^126 
geometry, 113, l44 f . 
greater than. 78, am,<-^10 
half-line, 244, 263 
half-plane, 243 
half -space, 242 
Hindu-Arabic system, 21 
identity element 

' for addition, 106, 110 
, foiLjnultiplication, 103, 110 
if-theri statements , 1-2 
improper fractions, 284, 302 

expressed as a mixed number, 287-288 
interest, 388-390 
interior 

■ of angle, 248 
of simple closed curve, 259 
- • of triangle,> 25I. 
intersect, 117 

intersections,. II7, 133-l4l. l45-l46, l47 
lines , and Trianes, l4o, 146, l47 
sets, 133^-134, l45, i47 
t^^ro lines, 117, 137-139, l46, l47 
two p;Lanes, 135-136, l40-l4l, l46, l47, 

inverse operations, 9S-98, 110 

K5nlgsberg Bridge problem, 13-l4 

least common multiple, 173-175, 179, 224 

lefis than, 78.> 101, 110, 

line, Il6-'ll8, 126, 132, 145, 244 
separation, 244 

lines and space, II6-II9 

logical reasoning, 2 

marked price, 379 

mixed'w numbers, 286, 302 
addition of, 289-290 
division of, 293 

expressed as improper fractions, -.289 
multiplication of , "293 
subtraction of, 29Q-2Q1 
multij?lje,'154, 173-175, 179- 
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multiplicand, l6o, 179 
multirlication 



'in base five, 49-52 ' \ 

of ..decimals, 319v- 339 — 
of rational numbers, 203-210 
on the number line, 272 
multiplication Qro]f)erty of 0,- 200 
multiplication pro^perty of 1, 322 
multiplier, l60, 179 
naming lines, ll8> 126, 132, l45 
naming planes, 127-129, 1^5 
warning points, ll4, l45 
net price, 379 

non-metric geometry, 113, l44, 235 
not eqdal to, 78, 110 

number line, 100-101, 110, 269-283, 300-301 
numerals, 17, - 64, 66 
numerator, 208 ^ 
odd number, I67 

one, the number, 74, 102-104, 108, 110, 153, 178, 179 

one-to-one correspondence, 73, 253-254, 263 

order 

of rational- numbers. 278. 301 
parallel lines, 138, 146, 147 . 
parallel planes, l4l 
percent, 360-367,. 370 

applications, 375-391 
^ expressed as a ^idecimal, 370 
' expressed as a fra'ction, 370 

of increase and c^ecrease, 384-385 

used for comparison, 382-383 
perfect numbers, 173 , 

place value, 22, 23-24, 28/ 39, 55, 66, 313 
plane, 120.^124, 127-129, 145, 243 
' r separation. 243 
point, 113-114, 126, .145 
point of intersection, 1,17 
positional notation, 312 , 
powers, 29, 32, 66 , ' 

primes,. 155-150, I78, 179 

prime factors, I62, l63, I78 

prime numbers, I56, I78, 179 

twin primes, 157, 158', 159' 
principal, 388^^ . 

product of two rational numbers, 207-210^ 
pi;oper fractions, 284, 302 
properties of one, 102-104, 108 
properties of operations with numbers, 200-' 
properties Of zero, IO5-IO8 ' 
proportion, 355-356 

definition, 355 
quotient' of two rational numbers, 2l8 
rate; 350 ' . . ' 
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rate of the commission, 379 
rate of interest/ 388 
ratio, 188,. 347-354 ^ 
definition, 347, 391 

expressed as a percent, decimal, fraction, 369-373 
^rational numbers, 185, 187, I89-I90, 229-230, 269 
^addition of, 221-222, 224, 226 
'comparison of, 276, 278, 28O, 28I-282 
decimal fbrm, 325-332 
definition, I88, 190, 195 
division of , I92-194, 216-218 
expressed as mixed numbers, 286 
multiplication of, 203-210 
on the number line, 274-275, 276-277 
operations with, 230 
order of,' 278, 301 

product of two rational numbers, 207-210' 

quotient of two rational numbers, 2l8 

subtraction of, 226-227 
-sum of two rational numbers, 226 
ray, 246, 262 

notation 246 
reciprocals, 215, 296 
region, 260,« 263 

closed, 260 
repeating. decimals, 326-332, 34o 
Roman numerals, 19-20 
rounding decimals, 335-337, 34o 
sale price, 379 f 
segment, ^35-236, 2)52 

notation^ 236 
separations, 241-244, 263 

of line, 244 

of plane, 243 

of space, 242 
set, 69-71, 110; 113, 133-134, 147, 238, 239 

intersection of, 133-134, l45, 147 

subset, 239 

union of, 238, 25O, 262 
similar triangles, 359 
simple closed curves, 257-260, 263 

exterior of, 259 

interior of. 259 
skew lines, 138, 146, 147 
space, 113, 117, 119, 242 

separation, 242 
straight line, II6 
subscripts, 132 
subset, * 239, 262 ' 
subtraction 

'in base five, 47-48 
-of , decimals, 317, 339 

of rational numbers, 226-227 

on the number line, 27b-271, 301 
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sum of two rational numbe^-3, 226 
symbols, 17, 66, 126-129 

> (greater than), 78, 101, 110 

< (less than), 78, 101, 110 

^ (not equal to),- ?J, 110 

^ (approximately equal to), 371 

5 (times), 78-79> 110'^ 
(line), 118, 1A5 

— (segment). 236 

A (triangle), 25O 

/ (angle), 248 

-* (ray), 246 

n (intersection), 134, l45-l46, l47 

U (union), 238 
times, notation, 78-79^ HO 
triangle, 25O-251, 263 

angles of, 25O 

exterior of, 251 

interior of, 25I 

notation^, 250 

sides of, 250 

similar, 359 

vertices of, 250 
twin primes, 157> I58, 159 
union 

of sets, 238, 2507 -'62 

notation, 238 
unique factorization property, 166 
vertex 

of angle, 247 

of triangle, 25O 
whole numbers, 74, 97, 105, HO, I78 
zero, .105-108, 110,, 175, 178 
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The preliminary edition of Tho Introduction to Secondary School 
Mathematics was prepared at tht'^ -riting session held at Stanford University 
during the summer of 196O and was base.d upon Volume I of Mathematics for 
Junior High School . Parts 1 and 2 of ;Vhe Introduction to Secondary School 
Mathemat J cs vere revised at Yale University in the summer of 196I in 
accordance with reports of classroom effectiveness. Part k, based on 
selected chapters of Volume II of Mathematics for Junior High School was 
prepared at the same time. The present revision, taking into account the 
classroom experience with the earlier editions during the. academic years 
of 1961-62, was prepared at Stanford University during the summer of I962. 
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